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This survey contains an exposition of the results of the German mathematician Gerd 
Faltings, who proved some longstanding conjectures in algebraic geometry formulated by 
Shafarevich, Tate, and Mordell. The different parts of the proof are described with varying 
degrees of detail. Sometimes we shall limit ourselves to a sketch of the proof together with 
a discussion of the basic idea. Compared with the original article by Faltings [39], we 
have introduced several additions and modifications contributed by the participants in 
Szpiro's seminar [71] (Ecole Normale Superieure, Paris, 1983-1984) and by the authors. 
§1 contains the general plan of proof, and also a history of what was known before Faltings. 
Concerning other work related to these conjectures, see [19], [20], and the basic text of 
Lang's book. Sections 2-6 contain all of the necessary definitions, of which we make free 
use in §1, and the details of the proofs. We conclude the survey by giving some unsolved 
problems. 

§1. Introduction 

The point of departure for the circle of problems we are considering was two conjectures 
proposed by Shafarevich at the 1962 International Congress of Mathematicians in 
Stockholm [30]. He examined the question of classifying algebraic curves X of fixed 
genus g ^ 1 over an algebraic number field K . Besides these invariants, a curve X also 
has its set S of places of bad reduction (see §6). The first conjecture of Shafarevich (the 
finiteness conjecture) asserts that, if g > 1 (or if g = 1 and X has a rational point), then 
these data determine the curve up to a finite number of possibilities. The second conjecture 
concerns the case when K = Q and S is the empty set: it I states that there are no curves 
of genus g ^ 1 with those invariants. These conjectures are analogs of two classical results 
in algebraic number theory. The first — Hermite's theorem (1857) — establishes finiteness 
of the number of extensions L/K of K having fixed degree and fixed ramification. The 
second— Minkowski's theorem (1891)— states that there are no unramified extensions of Q. 
Comparing these theorems with Shafarevich's conjectures, we see that those conjectures 
are their analogs for field extensions of relative dimension (transcendence degree) 1 , while 
the theorems themselves concern the case of finite extensions (i. e., relative dimension 0). 
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Here the analogs of the places of ramification in the conjectures are the places of bad 
reduction 



(i) 



Shafarevich proved the finiteness conjecture for hyperelliptic curves as a consequence of 
Siegel's finiteness theorem for the integer points (see Chapter 8 of Lang's book). (Variants 
of the proof were published later in |Par2| . [34] . and [56].) In his report, Shafarevich also 
raised the question of whether the analogous conjecture holds in the case when K = k(B) 
is the field of functions on an algebraic curve B (with algebraically closed or finite field of 
constants k). In this situation one must exclude "constant" curves X for which there exist 
finite extensions L/K and k' /k and a curve X' over k! such that X <g> L = X' <g> k! . An 
approach to proving this conjecture in the case k = C was suggested by Parshin in 1968 
|Parl| . The set of algebraic curves under consideration may be regarded as the set 9Jl g (K) s 
of rational points of the moduli space of curves of genus g (this is a quasiprojective variety 
of dimension 3g — 3 having a canonical compactification ^R g C DJl g ) which satisfy the 
following additional condition: in 9Jt g these points are S-integral relative to the closed 
subvariety Wl g — %R g (concerning this notion, see Chapter 8, §1, of Lang's book for the case 
of a projective curve). In |Parl| . in accordance with general ideas of Diophantine geometry, 
the problem was divided into two independent parts: proving that the heights of points in 
Wl g (K) s (in some projective imbedding Wl g ) are bounded, and describing the structure 
of the set of points of bounded height (see Chapter 3 of Lang's book). Boundedness of the 
height was proved in the general case; and in the case when S is empty it was shown that 
the points of bounded height form a finite set. The generalization of the second part of the 
proof to the case of arbitrary S required new ideas, namely, the theory of theta-functions. 
This was done in 1971 by S. Yu. Arakelov [Arlj Pl 



At the same time, Parshin |Parl| . [57] (see also §6) showed that in both the number 
field and function field cases the finiteness conjecture implies the conjecture, advanced 
by Mordell in 1922, that there are finitely many rational points on a curve of genus 
g>l. (For the statement of the function field analog of Mordell's conjecture, see the 
commentary in Chapter 8; this conjecture was first proved by Manin in 1963 [ManlJ.) 
The report [57] at the 1970 International Congress of Mathematicians in Nice sketched 
a possible plan of proof of the finiteness conjecture in the number field case. First of 
all, a natural generalization was proposed to the case of an abelian variety A over a 
number field K with fixed set S of places of bad reduction (see §2 for the definition, and 
see below for the fundamental theorem; in [57] there was also a bound on the degree of 
the polarization on A). Since abelian varieties are groups, it follows that they have the 
equivalence relation "existence of an isogeny" (an epimorphism with finite kernel). The 
set S is preserved under isogeny (see §2), and thus the finiteness conjecture splits into 



^By analogy with the concepts of different and discriminant, Shafarevich introduced corresponding 
concepts for curves X over a field K (see [8]). Incidentally, those concepts still have not been studied 
much. 

(2) It was Szpiro [68], [69] who carried over the constructions and results in these papers to the case 
of a field of finite characteristic We note that, using the techniques developed there Raynaud obtained 
a counterexample to the Kodaira vanishing theorem for the cohomology of negative fiber bundles ([69], 
Expose 4). 
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two parts. The first is the claim that there are only finitely many abelian varieties over 
K which are isogenous to a fixed one (Conjecture T). The second part— which, at first 
glance, seems independent of the first— is the claim that the number of isogeny classes is 
finite. This second part of the conjecture is closely connected with some conjectures on 
homomorphisms of abelian varieties over K and semisimplicity of the Tate module that 
were proposed by Tate at Woods Hole in 1964 (see |Ta4| . [26] . and Theorem 3 below). 
In particular, these conjectures of Tate imply that an abelian variety A/K is determined 
up to isogeny by the semisimple representation p of the Galois group Gk = GaL(K/K) 
of the algebraic closure K of K in the Tate module Ve(A) (see below). 

Thus, if we accept Tate's conjectures, we reduce the second part to the question of 



finiteness of the number of characters Xp °f representations p in VAA) . K A 'I See [5], §107. 
The next step consists in considering the Frobenius automorphisms Fr v , v S, in the 
group Gk (see §6). The Riemann hypothesis for abelian varieties over a finite field (proved 
by Weil) shows that for every v the number of values xp(F r v) is bounded by a constant 
which depends only on the field K , the place v and dirndl. According to the Chebotarev 
density theorem [21], [67], the character Xp is determined by its values x p (Fr„); hence, 
the problem reduces to constructing a finite subset Q in {Fr v } , depending only on S 
and dimA, from which the values of xp f° r a U Fr v are determined. 

But, of course, there still remains the question of proving Tate's conjectures. In 1966, 
Tate [27] showed that they hold if the ground field K is finite. Here he noted that an 
essential role in the proof is played by Conjecture T above (for a finite field, when it is 
trivial), and he suggested that this conjecture might be useful for other fields K as well. 

That this is valid was confirmed in [21], [57], and |Par2| for abelian varieties of 
dimension 1 over a number field. 

Thus, the fundamental finiteness conjecture for abelian varieties was reduced to a 
series of different but closely connected problems. (See the diagram of the definitive 
proof, below.) [57] also contains a discussion of the question of deducing Shafarevich's 
original finiteness conjecture from the fundamental finiteness conjecture. Although it 
seems extremely natural to make such a reduction— one goes from the curve X to its 
Jacobian variety (see the proof of the theorem in §6)— nevertheless, |57j contained some 
unjustified statements about the insufficiency of the Torelli theorem for this purpose. 

How did further events develop? The question of the finiteness of the number of 
characters (or construction of the set Q) turned out to be very difficult. As noted in [57] , 
this question has a positive answer if one assumes (as yet unproved) conjectures about 



zeta-functions of abelian varieties!^ In 1981, Serre published a proof of the finiteness 
theorem for characters in the case of elliptic curves over Q [67], assuming the generalized 
Riemann hypothesis. 



(A) Added in translation. The point is that any semisimple representation over a field of characteristic 
zero (= Qf) is uniquely determined by its character. 

^Incidentally, now, after Faltings finally resolved this question, the functional equation and the 
Taniyama-Weil conjecture have turned out to be useful in questions of effectiveness. See [JJ], Expose IX. 

Editor's note. With reference to the designation "Taniyama-Weil conjecture", see Note 1 by Serge Lang 
appended at the end of this paper. 
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The question of the connection between Conjecture T and Tate's conjectures was 
resolved for varieties of any dimension in 1975-1977 by Yu. G. Zarkhin [H]-p3], using a 
"quaternion trick" he introduced. It turned out that for any field K finiteness Conjecture 
T for isogenics implies Tate's conjectures on homomorphisms and semisimplicity of the 
Tate module of abelian varieties over K . Thus, in this part the arithmetic of K plays no 
role at all. 

The greatest effort was required for the proof of Conjecture T itself. Work ing 
with abelian varieties rather than curves had the advantage that one can study the 
corresponding set of rational points on the moduli space Wlg b of abelian varieties of 
dimension g (just as this was done above for curves). Also, the isogeny property for 
abelian varieties has a remarkable geometric interpretation in the language of the moduli 
space Wlg b . Over 9Jt° fe there exists a tower of Hecke correspondences 

H g>m ^Ttf, (1) 

P2 

which are the graphs of the equivalence relation "existence of an isogeny of degree m" 
(see §2.2). The universal family A of abelian varieties determines an invertible sheaf to on 
9Jlg b ( = one-dimensional fiber bundle equal to the determinant of the conormal bundle 
to the identity section; see §2.1). The sheaf to has the invariance property 

rfwSrfw. (2) 

We now consider the height h^, (the Weil height, or class of heights) on WVi h (K) which 



is associated to the sheaf u (see Chapters 3 and 4 of Lang's book)J^ and we try to apply 
its functorial properties (Chapter 4, Theorem 5.1) to the diagram JTJ), taking into account 
the isomorphism (J2J). For m = t and for points P ,Q G ^R a g b {K) , for which Ap and Aq 
are connected by an isogeny of degree t , we have 

h u (P) < h w (Q) + i ■ c, c— const. (3) 

In the early 1960's, Tate proposed modifying the definition of the Weil height Hl{P) , 
P G A(K) , L G Pic A, on an abelian variety A in such a way that h^P) is a canonical 
function of P (and not a class of functions, as in Chapter 3) and the following equality 
holds if / : A — > B is a homomorphism: 

h L (f(P))=h f * L (P), (4) 

(rather than the bound in Theorem 5.1). (This is the well-known Tate height; see Chapter 
5 of Lang's book and the appendix to |Mum2| .) If property (111) were to hold for the 
morphisms in jl]) and the sheaf uj , then in place of the bound ((3l) we would obtain the 
equality 

K{P) = K{Q) (5) 

for an isogeny of any degree m. Since u is an ample sheaf on DJlg b , it follows that 
Conjecture T would give the finiteness property of the height (Chapter 3, Theorem 2.6). 



* 4 'In the terminology of Chapter 4, §5, this is the height associated with the divisor class of the invertible 
sheaf uj . 
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This program and a method for constructing the height h w on 9Jt^ were proposed by 
A. N. Parshin in his report at the International Conference on Number Theory in Moscow 
(1971) pi]. 

Here the point of departure was again the case of an abelian variety A over a function 
field K = k(B) . If /: A— > B is the Neron model of the abelian variety A over K (see 
§2.1), then we set 

d{A) = c x {u AfB ). (6) 

This invariant arose in |Parl| . where it was noted that, when S(A) is the empty set, 
then the number of families A/B with given d(A) depends only on a finite number of 
parameters (over k = C). This fact was then proved in |Arl| for families with arbitrary S 
and k = C , and in [18] for families of Jacobian varieties and k of arbitrary characteristic. 
Since d(A) is obviously preserved under isogenics (of degree prime to char k), it follows 
that the function d(A) is completely suitable for the applications mentioned above. 
In order to construct a number field analog, it is natural to consider the expression 
([6]) and add on archimedean components corresponding to places of the field K . The 
representation of the canonical height h u as a product was suggested by the fundamental 
work of Neron, which introduced the de n of the Tate height into local components (see 
Chapter 11 of Lang's book).* 1 In this decomposition the archimedean components have 
the form hi i00 = log |#d(;z)| , if L — Oa(D) and $d is the theta-function corresponding to 
the divisor D (see [Ne3], Chapter 3, and Chapter 13 of Lang's book). In [17] it was noted 
that the following Poisson equation holds for the archimedean components: 

Aa(^l,oo) = const. (7) 

In [IT], Equation (J7J was taken as the definition of the canonical archimedean components 
on an arbitrary variety X/ K having fixed Kahler metrics on X ® C for all imbeddings 
K C C . In the case of DJlg b one can give an explicit expression for h UjOQ (see the functions 
^mod,ti in §2.3). 

A finiteness theorem was obtained for the height h Ul (for abelian varieties with 
potentially good reduction; an exposition is given in §2.3). However, mistakes in the 
computations of the behavior of the height under isogenics prevented one from finding 
the situations when (JHJ) is fulfilled. 

A completely different method for constructing the canonical height is order to prove 
Conjecture T was proposed by Zarkhin in 1974 ([9], [TO]). It is well known that Mumford's 
theory of symmetric theta-structures |Mum3| . |Z-M| . [T4] enables one to construct a 
canonical basis for the space of sections F(A,L) for a completely symmetric abelian 
invertible sheaf L on an abelian variety A . One can then take the Weil height of the zero 
point corresponding to this basis (Chapter 3) as the canonical height of the variety A over 
K . Here the finiteness property holds by definition. But the invariance of the finiteness of 
this height under isogeny is a much more difficult question. Zarkhin resolved this question 



* Editor's note. Concerning Neron's contribution, see Note 2 by Serge Lang appended at the end of this 
paper. 
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in the case of a function field of arbitrary transcendence degree over F p (p ^ 2). By the 
same token, in this situation Conjecture T was obtained, and also, in view of the results 
mentioned above, Tate's homomorphism and semisimplicity conjectures. In the number 



(5) 



field case the possibility of applying this height remained an open question 

After an interruption of several years, this direction of research was continued by the 
German mathematician Gerd Faltings from Wuppertal. In June, 1983, his preprint Einige 
Satze zum Thema abelsche Varietaten iiber Zahlkdrpern appeared, and then his paper |39|, 
which caused a great commotion throughout the world. These papers contained proofs of 
the conjectures of Tate, Shafarevich, and Mordell, following the program described above. 
The author was able to obtain unexpected and very clever solutions to all the remaining 
unsolved parts of the program. 

First of all, Faltings gave an amazingly simple proof of the finiteness the orem for 
characters of semisimple representations (the existence of the finite set Q); this proof 
takes up less than a page in his paper (see the exposition in §6). The catalyst for this 
result was a theorem of Deligne on finiteness of the number of characters of complex 
representations of discrete groups (see below). 

Thus, the center of gravity of the whole problem immediately shifted to proving 
Conjecture T. Faltings introduced the canonical height of an abelian variety (see §2.1) 
and proved a finiteness theorem for it (Theorem 1 in [39], p. 356). Faltings' definition of 
height was influenced by the work of Arakelov, which we shall discuss later. The proof 
in [39] of the theorem on finiteness of the number of abelian varieties with given height 
contains gaps (in the proof of Lemma 2 on p. 352), and goes through completely in the 
case of varieties with potentially good reduction (this gives a proof of all of the conjectures 
when this condition is fulfilled, in particular, the Mordell conjecture for such curves, for 
example, for the Fermat curve). In order to treat points of bad reduction new arguments 
were needed. This was done by Deligne, Gabber, and Moret-Bailly in [71], Exposes IV 
and V (see also |40j). 



(B) 



The last unexpected result in [39j concerned the behavior of the height under isogeny. 
Although the height is not preserved, in general, nevertheless there exist two important 
classes of isogenies for which invariance of height holds (see Claims 1 and 2 below). 
Faltings was able to show that this is sufficient to prove Conjecture T. An important role 
in this part of the paper is the combined application of Raynaud's theorem [60] on the 
determinant of group schemes of period p, the Riemann hypothesis (Weil's theorem), and 
the corollary of Minkowski's theorem which states that the Galois group of any extension 
of Q is generated by the inertia subgroups of the ramified places (see §5.1). In the special 



case of elliptic curves over Q, this argument!^! occurs (in another connection) in Serre's 



'^Concerning the connection between these two heights on the moduli space of abelian varieties, see the 
book |52j by Moret-Bailly. This book gives an exposition of a result of S. Mori, who was able to remove 
the condition p ^ 2 in the theorems of Zarkhin mentioned above. 

(B) Added in translation. The compactiflcation in |4Q] of the moduli scheme of abelian varieties over Z 
enables one to obtain another version of the proof. The book [6*] constructs a compactiflcation of the 
moduli scheme of abelian varieties over Z[l/2] using Mumford's theory of theta-structures [Mum3]. 

(6) In many cases it enables one to find rational subgroups of the group of points of an abelian variety 
(there are numerous examples in |Ser3| ). A general method in the case of elliptic curves was recently 
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1972 paper [Ser3] (pp.307 and 313). 

Raynaud's formula for the determinant (see §4.3.4) arose in answer to a question of 
Serre relating to |Ser3| . Thus, [39] showed the need to make essential modifications in the 
rather straightforward behavior of the height defined by (JSJ) 



(7) 



15 




Plan of Proof 

1. Hermite's theorem. 2. Finiteness of the set Q . 3. Finiteness of the number of characters. 4. Finiteness 
of the number of representations in Vi{A) . 5. Finiteness of the number of isogeny classes. 6. The Torelli 
theorem. 7. Construction of unramified coverings. 8. The Chebotarev density theorem. 9. Semisimplicity 
of the representations in Ve(A) . 10. The Tate homomorphism conjecture. 11. The finiteness conjecture for 
abelian varieties. 12. Shafarevich's finiteness conjecture for curves. 13. The Mordell conjecture. 14. The 
finiteness theorem for isogenies (Conjecture T). 15. The Riemann-Weil hypothesis for abelian varieties. 
16. Raynaud's formula. 17. The behavior of the canonical height under isogenies. 18. The finiteness 
theorem for the canonical height. 19. The arithmetic monodromy principle. (The Galois group of any 
extension of Q is generated by the inertia groups of its ramified places.) 20. Projective imbedding of 
the moduli space. 21. Gabber's lemma (Let M be a dense open subset of a normal integral excellent 
scheme M , and let / : A — ► M be a group object in the category of algebraic spaces proper over M and 
whose fibers are abelian varieties. There exists a proper surjective morphism ir : M' — ► M such that the 
preimage of A over tt~ 1 (M) extends to an algebraic space group object which is flat over M' and whose 
fibers are extensions of abelian varieties by tori.) 

As we already noted, some unpublished work of Deligne in the early 1980's played 
a role in the proof of Faltings' theorem on characters of representations. In view of 



proposed in |36| . 

(7) We give the central result of [39J (see the fundamental theorem below) in a strong form (without the 
assumption concerning the polarization) due to Zarkhin [71]. In Faltings' paper [Fa2j, which appeared at 
the same time as [39], the same problem was examined in the case of a function field (for abelian varieties 
of dimension ^ 3 and k — C it had been resolved by Arakelov in |Arlj ). The situation here turned out 
to be more complicated than in the case described above of curves in the first Shafarevich conjecture 
(boundedness of the height is preserved, but finiteness is not; see also |52j). 
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their importance, we shall give a statement of Deligne's resultsK 8 i We first recall that 
to every family of Hodge structures of dimension n over a variety U there corresponds 
a local system of vector spaces of dimension n over U , or, equivalently, a representation 

p: 7Ti(l7)->GL(7l,C). 

Theorem (Deligne). Suppose we are given a nonsingular algebraic variety U over 
C and an integer n. There exist only finitely many representations p: 7Ti(U) — »GL(n, C), 
arising from families of polarized Hodge structures of dimension n over U . 

Sketch of the proof. The semisimplicity of the representations p was proved 
earlier by Deligne in [7]. Thus, it suffices to show that there are only finitely many possible 
characters Xp ( see 0, §107). This follows from the following two independent claims. 

1) There exists a constant C 1 such that |Xp(t)| ^ C7 f or a ^ P- 

2) There exists a finite subset Q C it\{U) such that, for all p\ and p2, the equality Xpiil) = 
= X P2 (l) v 7 e Q implies x Pl = X P2 ■ 

The first estimate is obtained by mapping U to the moduli space of Hodge structures 
and using the hyperbolic Kobayashi metric (compare with the use of the Riemann 
hypothesis above) . The second result holds for all representations of fixed dimension n of 
a given (discrete) group G (= 7Tl (£/")) with a finite number m of generators. It suffices to 
verify it for a free group G . In that case it follows from the following result from invariant 
theory. 

Theorem |25| . |58| . W\ Let X = GL (n, k) m be an affine algebraic variety over a closed 
field k, on which the group GL(n) acts by (simultaneous) conjugation. Then the ring of 
invariants k[X] GL ^ is generated by the functions 



Tr^ ...gi 

where gi G GL(n, k) and ii, . . . , i s run through all possible words of m letters. 

According to Hilbert, the ring of invariants contains a finite number of generators of the 
form (jHJ). Let 71, . . . ,j m be generators of the group G, and let Q be the set of elements 
of G of the form r y% 1 . . ■ 7i s where ii, . . . , i s is run through the words in G which by (JBJ) 
correspond to generators of the ring k[X] GL ^ n \ The character Xp{l) as a function of p 
determines a regular invariant function / 7 on X : 

f J (g 1 ,...,g m )=Tr(gi 1 ...g is ), 

where i\ . . .i s is is the word giving the element 7 of the free group G . If we represent f 1 
as a product of generators of the ring of invariants, we obtain the required result. 



(8) They were communicated to one of the authors in a letter from Deligne dated 23 November 1983 
(see [If]); they are published here with his kind permission. For details, see the survey being prepared 
by F. A. Bogomolov and A. N.Parshin entitled Differential- geometric methods in algebraic geometry (in 
the series "Contemporary Problems of Mathematics", published by VINITI). Added in December 2009: 
So far, this survey has not appeared. 

( 9 'See also the discussion in [53], P- 164. We are grateful to A.E. Zalesskil for an informative letter on 
this question. 
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We now return to the late 1960's and early 1970's. Parshin's paper |Parl| also contained 
a proof of the Mordell conjecture in the function field case carried out entirely within 
the framework of the theory of algebraic surfaces (as presented, for example, in |32j), 
without bringing in the Shafarevich conjecture, let alone the Tate conjectures. The basic 
ingredients were intersection theory, the adjunction formula, the Riemann Roch formula, 
and the Hodge decomposition of cohomology. The proof of Mordell's conjecture given by 
Grauert |Gra| was also to a large extent algebraic. This stimulated attempts to carry 
over the concepts and constructions from the geometric situation to the number field 
case. To every curve X over a global field K one can associate its minimal model - 
two-dimensional scheme fibered over the ring of integers of K in the number field case (see 
§6) or over a curve in the geometric case (see [32] and |Sh3j). However, there is a difference 
in principle between these two constructions: in the geometric case the surfaces which arise 
are complete (projective), while in the number field case one must add "by hand" the fibers 
over the archimedean places of K (see the situation with the product formula in [4], |L5| . 
and Chapter 2 of Lang's book). This means that, in order to carry over some technique of 
algebraic geometry to the number field situation, one must accomplish two steps. First, one 
must consider arithmetic surfaces (in the framework of the theory of schemes); then one 
must determine the "archimedean analog" of the concept being considered. This program 
was realized by Shafarevich for intersection theory and the theory of canonical classes (but 
without archimedean components) in his Bombay lectures |Sh3| (see also [38], Expose X). 
At the end of those lectures, he posed the problem, still unsolved, of carrying over the 
notion of tangent bundle to the number field situation. We note that the ideas in this 
program go back to the deep analogy between algebraic number fields and algebraic 
function fields that was first noted in the nineteenth century by Kronecker and Hilbert. 
This analogy has since been discussed and employed many times (see [31] and |6J). 

Arakelov's papers, |Ar2j and |Ar3] . heralded remarkable progress in this direction. 
Starting from the definition of canonical height in [T7] (see equation ((Jj) above), and 
adding to it the normalization condition 



J x 

on arithmetic surfaces he defined such concepts as a divisor, the divisor of a function, 
linear equivalence, the intersection index, and the canonical class C\ and he proved an 
adjunction formula. In |Ar3j he also formulated an analog of the Riemann-Roch theorem 
(unfortunately, part of Arakelov's results remained unpublished, and as a consequence 
were re-proved in |Fal| and [46]). However, it was not then possible to construct analogs 
of such concepts as the Hodge decomposition or the tangent bundle. 

Remark added in translation. We note that even in the part of the theory of 
arithmetic surfaces that has already been constructed it has not been possible to obtain a 
complete analogy with the usual theory of algebraic surfaces. For example, the adjunction 
formula is true only for sections (as noted by Szpiro). There is no projection formula for the 
intersection index under finite morphisms. The entire theory is rather artificially divided 
into two parts: arithmetic surfaces with generic fiber of genus g^l and "ruled" arithmetic 
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surfaces. In the theory we have, the latter surfaces appear to be very trivial objects. 
Meanwhile, an analysis of families of curves of genus shows that the structure of the 
archimedean fibers X v /C ( = compact Riemann surfaces) is much more complicated. The 
tendency to regard the pair (X v , Kahler metric) as an analog of the fiber model X v /K v 
(where K v is a nonarchimedean local field) over Spec O v (where O v is its ring of integers) 
is clearly insufficient. From the point of view of the analogy between nonarchimedean local 
fields and the field C , the set of models of the curve X = P 1 /C can be described (or rather 
defined!) as a certain set of probability measures in three-dimensional hyperbolic space for 
which the Riemann surface X is the absolute space. In order to pass to the case of curves 
X of genus g > one must explicitly examine the Schottky uniformization of the curves 
X and the two-dimensional analog of the Fourier-Tate transformation in local fields. 

In this connection, Arakelov proposed another path to a proof of the Mordell conjecture 
in the framework of the theory of arithmetic surfaces, using the ( -functions introduced 
in |Ar3| which are associated to divisors on a surface. Unfortunately, this program also 
remained unrealized. 

Since that time, in the theory of arithmetic surfaces one further fundamental result 
was obtained which has a purely algebraic formulation— the Bogomolov-Miyaoka-Yao 
inequality (see [3] and [51]) for surfaces V of general type over a field k of characteristic 
0: 

ci(V) 2 ^3c 2 (V), (9) 

where C\(V) is the canonical class and C2(V) is the Euler characteristic. If one could 
obtain inequality (J9|) for an arithmetic surface, then the constructions of Chapter III 
of [Pari] combined with Arakelov's intersection theory would enable one to give a new 
effective proof of the Mordell conjecture. A difficulty with this approach is that (J9j) is false 
for fields k of finite characteristic (see, for example, |Par2| ). See also the Appendix to §6, 
below. 

Remark added in translation. The arithmetic analog of the Bogomolov- 
Miyaoki-Yao inequality for an algebraic curve X of genus g ^ 1 defined over an algebraic 
number field K looks as follows : 



LU^3S+(2g-2)log\D K/Q \ 



Here u is the relative canonical class of the minimal model of X , u ■ u is the Arakelov 
intersection index, 5 is the invariant introduced by Faltings |Fal| . and D k /q is the 
discriminant of the field K over Q . Here it is assumed that the curve has stable reduction 
over K, and the metrics on the archimedean components of the corresponding arithmetic 
surface are Arakelov metrics (i.e., they are induced by a flat metric on the Jacobian 
variety). See [4*1 l5**[ 16**| . To obtain the result mentioned above, and also an application 



to Fermat's theorem (see p. 435), it is enough to have the inequality with any absolute 
constant A in place of 3 in front of 5 . We further note that van de Ven [EE] was the first 
to obtain an inequality of the type c\ ^ Ac 2 in the geometric case. His proof uses Hodge 
theory for surfaces in an essential way, and it gives A = 8. 
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We note that Arakelov's papers, |Ar2| and |Ar3| . contained one other approach to 
defining the concepts of algebraic geometry mentioned above, using the technique of 
metrized sheaves. This approach aroused great interest after the appearance of Faltings' 
papers |Fal| and [39], and it led to a whole series of papers ([ZTJ, Exposes I — III, [47], |16a| . 
05], and [15b] ). 

Remark added in translation. It should be noted that the survey [16aJ 
contains the following inaccuracies. The comparison between the intersection indices 
in the archimedean and nonarchimedean situations at the end of §1.5 is wrong. The 
Green's function G v (D v ,x), K V = C, x £ (X — D V )(C), D v a divisor on the Riemann 
surface X v has as its analog in the nonarchimedean situation the intersection index 
(D v ,x) v on the regular model Y/O v of the curve X v /K v (where K v is a nonarchimedean 
local field and O v is its ring of integers). The condition x ^ D v means that x and D v 
correspond to subschemes of Y which intersect only over the closed point of Spec O v . Even 
if the model Y is smooth over Spec O v , the function f(x) = (D v , x) , x £ (X — D V )(K V ) , is 
not constant, nor even locally constant. It is also clear that the presence of degenerations 
does not (despite the claim in [T6aj) have any influence on such properties of the function 
f(x) . This function always has an infinite set of values. 

[The remark in §3.1 concerning the special role of the Kahler-Einstein metric for 
arithmetic varieties contradicts the concrete results in §§1 and 2 — the adjunction formula 
and the Riemann-Roch theorem, which are valid only for the Arakelov metric, which is 
not a Kahler-Einstein metric. This was pointed out to one of the authors by M. Atiyah.] 

At the beginning of this Introduction we alluded to Shafarevich's second conjecture 
in [30]. It can be reformulated as the statement that there do not exist smooth proper 
schemes over Spec Z of relative dimension 1 and genus ^ 1 . The geometric analog of 
this conjecture was thoroughly investigated in [Pari] and |69|. The generalization of this 
problem to abelian varieties was examined in a series of papers by V. A. Abrashkin in 
1976-1977 (see [20]). He found a general approach to this conjecture using finite group 
schemes, the Riemann-Weil hypothesis, and bounds for the discriminants of algebraic 
number fields. This problem was then solved for abelian varieties of dimension ^ 3. Very 
recently, Fontaine [32] and independently Abrashkin [I], [la] obtained a complete solution 
along these lines. 

THEOREM |43| . [T]. There do not exist smooth abelian schemes over the rings of 
integers of the algebraic number fields Q, Q(\/— 1), Q(v— 2), Q(\/—3) } Q(v— 7), 
Q(V2), Q(VE), Q0&T). 

We now proceed to describe the plan of proof of Faltings' results that will be used in 
this survey. 

Let S be a finite set of nonarchimedean places of the field K , and let g be a natural 
number. We let UI(K, g, S) denote the set of ^-dimensional abelian varieties over K, 
considered up to i^-isomorphism, and having good reduction outside S . If A£ UI(K, g, S) 
and if B is an abelian variety which is K-isogenous to A, then B also belongs to the set 
U1(K, g, S) . Let S' be the set of all places of the field L which lie over the places of K 
which belong to S . The set S' is finite, and if A £ LU(if, g, S) , then Al £ LU(L, g, S') . 
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Fundamental theorem. The set U1(K, g, S) is finite. 

Remark. To prove the fundamental theorem it suffices to show that the set 
III(L, g, S') is finite (for any extension L of K), because we have the following fact. 

FlNITENESS THEOREM FOR FORMS OF AN ABELIAN VARIETY. Let X be an abelian 
variety over a field F , and let E be a finite separable extension of F . The set of abelian 
varieties Y over F such that Y®fE = X®pE is finite (up to F -isomorphism) . 

The fundamental theorem follows from the following two weaker assertions. 

FlNITENESS THEOREM FOR ISOGENY CLASSES. There exist a finite number of 
abelian varieties , . . . , ) over K which satisfy the following condition. If A is 
a g -dimensional abelian variety over K which has good reduction outside S, then A is 
isogenous over K to one of the abelian varieties A^ . 

FlNITENESS theorem FOR isogenies. The set of abelian varieties B over K 
(considered up to K -isomorphism) for which there exists a K -isogeny A — > B is finite. 

We shall derive these theorems from Theorems 1-4 below. 

Theorem 1. Let K be a number field, and let p be a prime which is unramified in 
K . Fix a natural number g. There exists a finite set of primes M = M(K,p, g) which can 
be explicitly determined from K , p, g and which satisfies the following conditions. 

Let A be a g -dimensional abelian variety over K which has good reduction at all 
places of K lying above p. Let s (A) be the (finite) set of prime numbers which are the 
characteristics of the residue fields of the places in S(A) . Then the set of abelian varieties 
B over K (considered up to K -isomorphism) for which there exists a K -isogeny A^ B 
of degree not divisible by any prime number in M U s(A) is finite. 

COROLLARY. Let A be an abelian variety over K . There exists a finite set M of 
prime numbers such that the set of abelian varieties B over K (considered up to K- 
isomorphism) for which there is a K -isogeny A — > B of degree not divisible by any prime 
in M is finite. 

We shall prove Theorem 1 only for K = Q (§5.0.3). When K is arbitrary we shall limit 
ourselves to a proof of the corollary (§5.0.4). 

THEOREM 2. Let A be an abelian variety over a number field K , and let £ be a prime 
number. The set of abelian varieties B for which there exists a K -isogeny A — > B whose 
degree is a power of £ is finite (up to isomorphism). 

In order to state Theorems 3 and 4 we shall need the concept of the Tate module of an 
abelian variety (see |Mum2| and [24]). 

Let F be an arbitrary field, let F be the algebraic closure of F, and let G be the 
Galois group of F. Let X be an abelian variety defined over F, and let End X be its 
ring of F-endomorphisms. Let n be a natural number which is prime to the characteristic 
of F . We let X n denote the subgroup of the group X(F) of F -points consisting of the 
elements annihilated by multiplication by n . It is well known |Mum2| that X n is a finite 
abelian group which is a free Z/nZ -module of rank 2 dimX. The natural actions of the 
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group G and the ring End X on X(F) preserve the subgroup X n , thereby making it 
into a finite Galois module and determining an imbedding 

EndX <g> Z/nZ ^ End G X n . 

If m and n are natural numbers prime to the characteristic of F , then X n is a Galois 
submodule of X nm , equal to the kernel of multiplication by n, and we have the exact 
sequence of Galois modules 

n s. Y s. Y n \ Y >(1 

which is compatible with the action of the ring EndX. 

Now suppose that n = t is a power of a prime £ not equal to the characteristic of F . 
We define the Tate i-module (or Zg-module) Tj>[X) of the abelian variety X to be the 
projective limit (with respect to i) 

T e (X)=\imX ei 

(here the maps are multiplication by £). This limit Tg(X) is a free Z^-module of rank 2 
dimx. We set 

V e (X) = T t (X) ® Qe Z e . 

Clearly Vg (X) is a vector space over the field Q<? of £-adic numbers of dimension 2 dimX ; 
we shall call it the Tate Q^-module of the abelian variety X . The actions of the group 
G and the algebra EndX on the X^ glue together to give a continuous homomorphism 

(i-adic representation) 

pe,x ■ G — > Aut T e (X) C Aut V e (X) 

and imbeddings 

EndX®Z^ ^ End G T^(X), 

n n 

EndX®Q £ ^ End G V e {X), 

respectively. We let xp — Xp e x : G -^Ze denote the function which is the character of the 
representation pe,x ■ If Y is an abelian variety over F which is F-isogenous to X, then 
the representations p^x and p^y, i.e., the modules Vi(X) and Vg(X), are isomorphic; in 
particular, the characters Xp are the same for X and Y . 

THEOREM 3. Let A be an abelian variety over a number field K , and let i be a prime 
number. 

1) If W is a Qi-subspace of Ve(A) which is a Galois submodule, then there exists an 
endomorphism u G End A ® Q^, such that u 2 — u and Vi(A) = W , i. e., the subspace 
(1 — u)Vi(A) is a complement of W in Vf (A) . In particular, the Galois module Vi(A) 
is semisimple. 
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2) The Tate homomorphism conjecture. The natural imbeddings 

End A <g> Z e ^ End G T £ (A) and End A®Q t ^+ End G V £ (A) 
are bijections. 

3) // B is an abelian variety over K , and if the Galois modules Vt{A) and Vg(B) are 
isomorphic, then the abelian varieties A and B are isomorphic over K . 

Remark. Parts 2 and 3 follow from part 1 applied to the abelian varieties A 2 and 
A x B, respectively. 

Remark added in translation. If one replaces the Tate module by the group of 
points of sufficiently large prime order £, then one has the following analog of Theorem 3 
(see f74j). 

For all except finitely many primes £ the Galois module An is semisimple, and the 
natural imbedding End A ® Z/ £Z — > End^^ is a bijection. 

SERRE'S THEOREM [73, 19**1 18**] . Set g = dim A and let G(£) denote the image of 
the Galois group G in Aut An « GL(2g, Z/£Z) . For all primes £ except perhaps finitely 
many, there exists a connected reductive algebraic subgroup in GL 29 which is defined 
over Z/£Z and has the property that, if we replace K by a fixed finite algebraic extension 
not depending on £, the group Hi(Z/£Z) of Z j £Z -rational points contains G(£) as a 
subgroup of index bounded by a constant independent of £ . 

THEOREM 4. Suppose that K is a number field, G is the Galois group of its algebraic 
closure, S is a finite set of nonarchimedean places, g is an integer, and £ is a prime 
number. Then the set of characters x P : G — > Z^ corresponding to abelian varieties A in 
UI(K, g, S) is finite. 

The finiteness theorem for isogeny classes is obtained from Theorems 3 and 4 using the 
reasoning outlined above. 

Proof of the finiteness theorem for isogeny classes, (modulo the corollary 
to Theorem 1 and Theorem 2). Let A be an abelian variety over K , and let M be a finite 
set of prime numbers which satisfies the conclusion of the corollary to Theorem 1. Let n 
be the number of elements in the finite set M, and let £i, . . . £ n be all of the primes in 
M . Any isogeny from A to B factors into a composition of isogenics 

A^B (0) ^B (1) ^...^B (n) = B, 

which satisfy the following conditions. The degree of the isogeny A — > B is not divisible 
by any of the primes in M . The degree of the isogeny Bu_^ — > is a power of the 
prime £% . 

According to Theorem 1, there exist only finitely many possibilities for the abelian 
variety 5(o) . According to Theorem 2, applied to the abelian variety B^ and the prime 
£\ , there exist only finitely many possibilities for B^ . A simple induction (based on 
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applying Theorem 2 to -B(i-i) and li) shows that there are only finitely many possibilities 
for the abelian variety B^ n ) = B . 

We now discuss the proof of Theorems 1-4. Concerning Theorem 4, see §6. The proofs 
of Theorems 1, 2, and 3 are much more complicated, and are based upon the notion of the 
canonical height h(A) of an abelian variety A defined over a number field. This height is 
a certain real number; for the precise definition, see §2.1. We have the following 

Finiteness theorem FOR the height (§2.1). Let K be a number field, C a 
real number, and g an integer. The set of abelian varieties A over K (considered up to 
K -isomorphism) for which dim A = g , h(A) ^ C , and A is principally polarized is finite. 

This theorem and a special case of the next claim will be used in §5 in order to prove 
the corollary to Theorem 1. 

Claim 1. If A^ B is the isogeny in the hypothesis of Theorem 1, then h(A) = h(B) . 

In §5 we prove this special case (Corollary 5.0.2), and then we use a Galois descent along 
with the finiteness theorem for the height in order to obtain the corollary to Theorem 1. 

Claim 2. Let A be an abelian variety over a number field K . Suppose that we are 
given an infinite sequence of K -isogenics of abelian varieties 

A — > £?(i) — > B(2) —►...—»■ £?(„) 

such that the kernels W n = Ker(v4 — > -B( n )) form an t-divisible group (see §3). Then there 
exists a natural number N such that h(B^) = h(B^ +1 ^) , for all n > N , i. e., the height 
does not depend on n. 

The special case of Claim 2 when K = Q (Lemma 5.3.1) and the finiteness theorem for 
the height are used to prove the following fact. 

Claim 3. (Corollary 5.4)- Let A be an abelian variety over a number field K . Suppose 
that we are given an infinite sequence of K -isogenics of abelian varieties A~^B^ — > 
B(2) — * ■ ■ ■ such that the kernels Ker(A — > B^) form an t-divisible group. Then the 
sequence B^ , B( 2 ) , ■ ■ ■ contains only finitely many pairwise nonisomorphic abelian 
varieties. 

Now Theorems 2 and 3 are derived from Claim 3. We note that this derivation is purely 
algebraic: it in no way uses the arithmetic of the field K (see §3). 

The most complete exposition of Fallings' results (and Arakelov's theory of arithmetic 
surfaces) is in [71]. For a more condensed presentation, see the Bourbaki seminar 
reports [37] and [70]. In [41] one can find a very detailed exposition of the part connected 
with isogenies, finite group schemes, and £-adic representations 



(c) 



§2. The canonical height of an abelian variety and the moduli space 

2.1. Let K be an algebraic number field of finite degree [K : Q] over Q, let A# be 
its ring of integers, let S = SpecA fc , and let P(K) be the set of places of K. Then 



(0) Added in translation. After this was written, the book [If] also appeared. 
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P(K) — P(K)fU P(K) 0C , where P{K)^ is the infinite set of nonarchimedean (finite) 
places (they can be identified with the closed points of the scheme 5* or with the discrete 
valuations of the field K), and P(X) 00 is the finite set of archimedean (infinite) places 
v (they can be identified with imbeddings v. K <^-> C) ; see [4j and [25]. It is well known 



If vEP(K)j, then we let o„ denote the corresponding complete local ring (the 
completion of the ring A K with respect to the discrete valuation corresponding to v). We 
shall use the same letter v to denote the place v, the corresponding discrete valuation 
v : K* — > Z , and also the extension of the valuation to the field of fractions K v of the ring 
o„. For a prime element n e xn v C V (m„ is the maximal ideal of o v ) we have v(tt) = 1, 
and if k(v) = o v /m v is the residue field, then Nv = #k(v). 

We consider an abelian variety A defined over a local field K v (a finite extension of 
Q p ). It corresponds to a smooth group scheme ip: Spec over the ring o v , called 
the Neron (minimal) model of the abelian variety A; it has the following property. 

Given any smooth scheme B over Spec o v and any morphism / : B = B <g) K v — > A , 
there exists a unique morphism /: B — > A, which coincides with / on the generic fiber. 

The scheme A is uniquely determined by this condition; see [46], [59], Chapter 11, §5, 
and Lang's book, Chapter 12, §3. In what follows we shall let A denote the connected 
component of the identity section in A . 

We let e : Spec o v — > A denote the identity section of the scheme A. The closed fiber 
A v = A <S> k(v) is a commutative algebraic group over the field k(v) , and one says that A 
has at v (or over K v ) 

good reduction, if A„ is an abelian variety; 

potentially good reduction, if there exists a finite extension L/K v such that the abelian 
variety A ® L has good reduction; and 

semistable reduction, if A° is an extension of an abelian variety by a torus. 

The last condition is equivalent to saying that A^ has no unipotent component. For 
any abelian variety A over K v there exists a finite extension L/K v such that A ® L 
has semistable reduction over L (the semistable reduction theorem) |45| . If for some n ^ 3 
prime to the characteristic of the residue field all of the points of order n on A are rational 
over K , then A always has semistable reduction (Raynaud's criterion). We further note 
that all three properties above are preserved in going from A to any abelian variety B 
which is isogenous to it (invariance under isogeny) [21]. If A has semistable reduction 
over K v , then for any extension L/K v the Neron model of the abelian variety A <g> L is 
A® 0v 0l (ol is the ring of integers of L). 

Now suppose that ip : A — > S , S = Spec o„ is an arbitrary smooth group scheme over 
V , and A = A <g> K v is the generic fiber. We let E = e(S) C A denote the image of the 
identity section e. This is a one-dimensional subscheme which is regularly imbedded in 
A and is mapped by ip isomorphically onto S . The sheaf of relative differentials of 

degree 1 when restricted to E gives a locally free sheaf of rank g = dim A (the conormal 
bundle). It is isomorphic to e*f2^, s . We set 



that #P(K) 



oo 



[K ■■<*]■ 



u A/s = A 9 0v (e 
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This is a free o„ -module of rank 1. If uj G ^^/^ is a differential form which is nonzero 
at the identity point of the group A , then uj determines a rational section of the sheaf 
^a/s , or, equivalently, an element of the vector space uja/s ® K v = & 9 A j Kv of dimension 
1 over K v . The valuation v can be extended to Q 9 A / Kv , using the lattice uj a/s ■ If G and 
H are commensurable subgroups (equal up to a subgroup of finite index) of a group, we 
set [G : H] = #G/{G n H)(#H/(G D H))' 1 . In particular, 



[G:fl] 

Then 



#(G/H), iftfCG, 
#{H/Gy\ if GCH. 



Nv v M = [u A/a : O v -uj\. 

Definition 1. Let A be an abelian variety over the field K v , g = dim A, uj e • 
Suppose that the form uj ^ is invariant under translations. Then 

h Kv (A,uj) =v(uj) logNu 

is called the local factor (at the place v) of the canonical height of the abelian variety A 
over K v . 

This definition makes sense, since the form uj must be nonzero at the identity point. 
Proposition 1. The local factors hx v have the following properties. 

1) If A e K*, then 

h Kv (A, \uj) = h Kv (A, uj) + v{\) log Nv. 

2) // the abelian variety A has semistable reduction over K v and if L/K v is a finite 
extension, then 

[L:K V ] ■ h Kv (A,uj) = h L {A® L,uj <g> L). 

3) // the abelian variety A has semistable reduction over K v and if f : A — > B is an 
isogeny, then 

h Kv (A, M = h Kv (B,uj) + log(# e *fi^ /c ), 

where G = Ker / , / : A —>■ B is the homomorphism of Neron models determined by f , 
and e: S — ► G is the identity section. 

Property 1) is obvious; property 2) follows from the fact that if A is the Neron model 
of A and is the ring of integers of L, then A ® 0u Ol is the Neron model of the 
abelian variety A <S> L over L. If the fiber A v has a unipotent component, then this 
stability property of the Neron model is not, in general, fulfilled (nor is property 2) of 
the proposition). In order to obtain 3), we note that the sequence of homomorphisms of 
group schemes 

i J 

is a closed imbedding) 

which exists by the definition of the Neron model, has the following additional property 
in the case of semistable reduction of A (and hence of B): f is a flat morphism and G 
is a quasifinite flat group scheme over o„ (see |71j, p. 201, or 1 1 1 j. p. 129). 
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G is a finite group scheme, i.e., proper over o„, only if A has good reduction at v. 
If the reduction is not semistable, then the example of multiplication by p (where p is 
the characteristic of the residue field k(v)) shows that dimG^ may be greater than zero 
(multiplication by p annihilates the unipotent component of A„), at the same time as 
dim(G x K v ) = 0. 

Under these conditions it can be shown that the sequence of maps of modules of 
differentials induced by (*) 

- e*^ /s £ e *fii /s ^ e*^/s - 

is exact [loc. cit.]. Here the first two groups are free modules over o v of rank d— dim A — 
= dim B (see above), and the last group is finite. Passing to exterior powers, we obtain an 
imbedding of free rank 1 o v -modules: ujb/s ^^a/s , whose cokernel, which we shall denote 
det G, is a finite o^-module whose length £(det G) is equal to the length £(e*f2Q^ s ) (the 
elementary divisor theorem). The orders of the groups det G and e*f2j-,^ s are also the 
same, and this proves property 3). We note that there is exactly one simple o v -module 
(up to isomorphism), namely, the residue field k; this gives us the equality 

# det G = #e*fi^ /s = N^ (e * n c/s). 

Later (§§4 and 5) we shall denote the function v(u) by £j(A,cu) explicitly indicating the 
dependence on the abelian variety A (and we shall call it the local term in the logarithmic 
height of the abelian variety A over K v ). We have 

h Kv {A,u) = L{A,uj) logNv. 

The local terms L(A,u) have the following properties. 

1) If XeK*, then 

L(A,\u) = L(A,uj) +v(\). 

2) Let L/K v be a finite extension. Then £( A, uj) =L (A ® L, u <g> L) . If the abelian variety 
A has semistable reduction over K v , and if L/K v is a finite extension with ramification 
index e, then 

L(A ® L, uj ® L) = eL(A, to). 

3) Suppose that the abelian variety A has semistable reduction over K v , and j : A^> B 
is an isogeny. Then, in the notation of Proposition 1, 

£(A,rtu) = H(B,tu) + L(e*n 1 G/s ), 
where uj = Q 9 B/K , G = Ker /, e: S — > A is the identity section of the Neron model. 
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It should be noted that our definition of the local term &(A, uj) can be used for abelian 
varieties over any discrete valuation field F of characteristic zero having a perfect residue 
field of characteristic p (under these assumptions the Neron model always exists). Here the 
expression L{A,ui) will satisfy conditions 1)~3). In particular, the value of this expression 
does not change under unramified extensions of the ground field. For example, one can 
consider the local term of the logarithmic height &(A,u) for abelian varieties over the 
maximal unramified extension K^ nr of a v -adic field K v . From the properties of the Neron 
model (see Lang's book, Chapter 11, §5) it follows that the local term L(A,lj) does not 
change if one passes to the completion K" m of the field K^ nr , which is a complete discrete 
valuation field with algebraically closed residue field of characteristic p. We note that the 
Galois group / of the field K^ m coincides with the inertia group I{y) of the place v. 

In the case of an abelian variety A over the field of functions on a curve B , we have 



,UJ (g) K v 



where d(A) is the invariant ([6|) in §1. 

We now proceed to consider the archimedean components. If v G P(K) 00 , then let K v 
be the (topological) closure of K in C, and set 



1, ifK v = R, 

2, if K v = C. 



Definition 2. Suppose that A is an abelian variety over the field K v , g— dim A, 
uj G $l a A j Kv , oj 7^ 0, is a regular form. We set 



h Kv (A,uj) = - £ f\ot 



LU A LU 



A(C) 



REMARK 1. The expression in square brackets is connected with the period matrix. 
It is equal to 



det I / u>i, I ui, 

where Ui G T(A, Q\) , uj\ A . . . A u g = uj and 71, ... , 72^ is a basis of Hi(A(C), Z) . 
Proposition 2. The local term Iik v (A,uj) has the following properties. 

1) If XeK*, then 

h Kv (A, Xu) — h Kv (A,u)- e v log I A I . 

2) If L/K v is a finite extension, then 



[L : K v )h Kv (A, uj) = h L (A ®L,uj®L). 
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3) // / : A — > B is an isogeny, then 

h Kv (A, AO = - | log(deg/). 

It is an elementary exercise to verify these properties. We now consider the global 
situation of an abelian variety A over a number field K . We shall say that A has the 
reduction properties given above over the field K if those properties are fulfilled for all 
nonarchimedean places v G P{K)^ . We let S(A) denote the set of (nonarchimedean) places 
v of K at which A has bad reduction. S(A) is a finite set. If B is an abelian variety over 
K , then S(A x B) = S(A) U S(B). If A and B are isogenous to one another over K , 
then S(A) = S(B) . In particular, S(A) = S(A') , where A' is the Picard variety of A. Let 
L be a number field containing X, and let A L be the abelian variety A considered over 
L, i.e., A L = Then we can consider the finite set S(A L ) of places of L— the set 

of places of bad reduction of the abelian variety A L . If v is a place of K at which A has 
good reduction, i. e., if v £ S(A) , and if v' is a place of L lying over v , then v' G" S(Al) . 
If the field extension L/K is unramified at a place v of L and if f G 5(A), then all of 
the places v' of L lying over v belong to the set S(A) . 

Definition 3. Suppose that A is an abelian variety over a number field K , g — dim A, 
and u G Q 9 A / K is a nonzero invariant form. Then 

L J veP(K) 

is called the canonical height of the abelian variety A. 

Using the product formula (Chapter 2 in Lang's book) and Propositions 1.1 and 2.1, 
we see that h(A) does not depend on the choice of the form uj . 

PROPOSITION 3. The canonical height h(A) has the following properties: 

1) if L/K is a finite extension and if A has semistable reduction over K, then 
h(A® K L) = h(A); 

2) if f : A — > B is an isogeny and if A has semistable reduction over K , then 

h{A) = h{B) - \ log(deg/) + p^Qj log(#e*^ /s ), 

where G = Ker / , and f is the homomorphism of Neron models determined by f ; 

3) h(A x B) = h{A) + h{B) . 

Properties 1) and 2) follow from Propositions 1 and 2. Property 3) can be verified 
directly. We note that from 2) it follows that 2[K : Q](h(B) — h(A)) belongs to logQ and 
is equal to a sum of numbers of the form log^ with £\ degf (the morphism / is etale over 
the places v of K which are prime to the divisors of deg / ; hence ^q/ s is equal to zero 
over such places). 



FINITENESS PROBLEMS IN DIOPHANTINE GEOMETRY 



55 



We further note that the number exp h(A) occurs in an expression for the residue of the 
( -function of an elliptic curve at the point s = 1 , according to the Birch-Swinnerton-Dyer 
conjecture (see [M an2| ). It is not surprising that the corresponding expression in the 
geometric analog of this conjecture for a curve over a function field with finite field of 
constants F g contains the factor q d<yA) where d(A) is the invariant (JOj) of §1. 

FlNITENESS THEOREM FOR THE HEIGHT. Suppose that K is a number field, c G 
G R, and g is an integer. The set of abelian varieties A over K (considered up to K - 
isomorphism) for which 

1) d\mA = g, 

2) h{A) ^c, and 

3) there exists a principal (i. e., degree 1) polarization, is finite. 

(For applications one can replace the inequality in 2) by equality.) 

For the proof of this theorem, see [71], Expose IV (a more condensed exposition is in 
Deligne's report [3TJ ) . We also have another definition of the height of an abelian variety 
(discussed in [17] and |Par2| ). This modular height /i mo d (A) has all of the properties of 
h(A) (Proposition 3 and the finiteness theorem), and differs from h(A) only by a constant. 
We limit ourselves to the case of abelian varieties with potentially good reduction. 

Remark 2. In §5 we shall also use the following variant of the height h(A) . If A is an 
abelian variety over a local field K v , then by the local stable term Ls(A,oj) we mean the 
number e~ x L{A ® L,ou ® L) , where L is an extension of K v over which A has semistable 
reduction and e is the ramification index of the extension L/K v . This term does not 
depend on the choice of L. We set h s (A) = [K : Q] _1 &s(A ® K v , u> g) K v ) . Then, from 
the finiteness theorem for the height h(A) , the finiteness theorem for forms, and Hermite's 
theorem (see §1), we conclude that for a given number field K and dimension g there 
exist only finitely many (up to -fT-isomorphism) abelian varieties A over K of dimension 
g having fixed h s (A) and set S(A) (see the argument below in Remark 1). 

2.2. The moduli space. Here we give a brief presentation based upon §3 of [T7]. For 
details of the proofs see [62], [44], [50], and [48] . 

Let & g C C 9 ^" 1-1 ^ 2 be the set of complex matrices Z = X + %Y which are symmetric 
(Z l = Z) and have positive definite imaginary part Y(Y > 0). 
The symplectic group G = Sp(2g, R) acts on & g by the formula 



g(Z) = (AZ + B)(CZ + £>)- 




If T C Sp(2g, Z) C G is a subgroup of finite index, then a complex function / on & g is 
called a modular form of weight r if 

1) / is holomorphic on & g , 



2) f( 1 (Z)) = det(CZ + D) r f(Z), 7GT,and 
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3) / is bounded in the region Y ^ Y , where Y > . 

This implies that the real function f(Z) = (det Y) 7 ^ 2 \f(Z)\ is invariant relative to T (|44|. 
Chapter 1). A modular form / has a Fourier expansion 



3 i7rTr(TZ) 



and is called a cusp form if a(T) ^ implies T > 0. In this case f(Z) has a maximum 
on & g ([44], Chapter 1). 

In & g we have a volume which is invariant relative to the group G; it is given by 

q dXdY /q\ 

(detrr 1 ' ^ 

and so for a cusp form f(Z) of weight N(g + 1) we have 

f{Z) 2 = f(Z)J(Z)(detY) N ^ <: C. (3) 

We set 971 = 97T(r) = & g /T. If T has a sufficiently large index in Sp(2g, Z) , then this is 
a nonsingular complex manifold. One can define a corresponding affine group D, which 
is an extension of T by 7? g (see [T7], §2). Then A = & g x C 9 /D determines an abelian 
scheme q: A — ► 971 . For any A/" we have the isomorphism 

/9 ( S +l)/2 . ®" 

z • ^scn/c — I /\ "an/c I ^ u A/a)i > l 4 J 

which commutes with the action of Sp(2g, Z)/r on 97t(r), if T is a normal divisor. The 
map ([ID is induced by the Kodaira-Spencer mapping [50] (T is the tangent bundle) 

— > -R^Ta/ok 

followed by the map from FL^qJTx/vn to .R^Oa <8> R l q*o& (since for any abelian scheme 
TA/*m — Q*e*TA/m, an d then passage to the dual maps of the determinants of these sheaves. 

The scheme 97t = 97t(r) or 9Jlg b (T) (the moduli space) has the following universal 
property (if the index of T is sufficiently large): for any principally polarized abelian 
variety A over C there exists a point a e 971(C) such that the fiber A a of the family 
A/97T is isomorphic to A. The sheaf cuart (and hence c^A/on) is ample on 971, and some 
power (v^t gives a projective imbedding of the manifold 97T. 

The regular sections of the sheaf uj<xn/c on 97T may be regarded as modular forms of 

art 



weight g+ 1. Hence, if 77 G r(97t, u;^) is a cusp form, then from ([3|) we have 
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We now construct the tower of Hecke correspondences over SETt(r). Let T (m) C Sp(2g, Z) 
consist of the matrices (pQ) with C = mod m . We set 

H g>m = H gtm {T) = & g /T (m) n T. 

The map t(Z) = —m^Z^ 1 induces an involution on H g>m (under certain conditions on 
r see [17], §2), and hence we have the diagram 

H g<m ^m, (6) 

P2 

in which p\ is the projection coming from the imbedding T (m) fl T T , and P2 — Pi ° t. 
Lifting the abelian scheme A over H g>m , we obtain the diagram 



ft 1 (A) ft 1 (A) 



(7) 



H g ^ m 



in which ^ is the isogeny of degree m which is induced by the map 8 of & g x C 9 to itself 
given by 8(7i,u) = (r(Z), cuZ -1 ) . The diagram has the following universal property: 
for any degree m isogeny /: A^ B , A = A 0) B = Aj, (fibers of the family A/371), there 
exists a point c G i? s , m such that pi(c) = a, P2(c) = 6, and ip\ c = f . 
If the form rj £ r(3Jl, o;^) is chosen so that 

i( % )=r<(»») m <sr\ 

which is possible for large (because the sheaf u<m is ample), then a direct verification 
shows that 

iplv) c = (degf) N (plv) c m wfj. (8) 

2.3. The modular height. This height is obtained by combining Definition 1 in 
§2.1 for the nonarchimedean places v with a definition of the archimedean components as 
functions on the moduli space DJl(T) or . In order to obtain the necessary estimates, 
we must have a moduli scheme M over Spec Z with universal abelian scheme A/M. They 
must be models over Z of the moduli spaces DJl(T) which were introduced for C above. 
Such a scheme exists, if we consider rigidified abelian varieties (and then M ® C = OJt(r) 
for some subgroup T) [53]. Unfortunately, such a theorem can be proved not over Spec Z 
but over an open subset of it. There are several ways of getting around this difficulty. 
Since all of them involve some technical complications, we shall suppose in what follows 
that the moduli scheme exists over Z. 

Remark added in translation. Gabber's lemma (item 21 in the diagram in §1, 
and Expose 5 of [71 J) makes it possible to avoid both this difficulty and also the difficulties 
at points of bad reduction. Namely, from the moduli scheme M over Spec Z — (finite 
number of points) and the abelian scheme A over M (and the sheaf u>), using that 
lemma, one can construct a proper "scheme" M' over all of Spec Z and a semiabelian 
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"scheme" A' — > M' (and a sheaf uj' on M') which extend the original objects on M . See 
the formulation of Gabber's lemma on p. 376. Then the one-dimensional subscheme C G M 
in Definition 2 extends to a subscheme C G M' which is proper over Spec Z . Applying 
the estimates of this section to the scheme M' and the sheaf uj' , we obtain a finiteness 
theorem for the height in the general case (see also [71], Expose 4, no. 2). 

Definition 1. Suppose that a G 97t^(C) , A = A a is the corresponding abelian variety 

over C, 7] G Q%i/ C ® N is a rational form on Wlf 1 , aG'Supp^), and A" is such that the 

sheaf a;^j is very ample. Then 

h mo d,v{A,r]) = -if log 

where Q is the volume form on 971^(0) (see ((2) in §2.2). 

Since the volume form Q is invariant relative to the entire group Sp(2g,R), it follows 
that the functions h mo d, v for moduli spaces 9Jt(r) with different groups T are in a natural 
way compatible with one another. Like the functions in §2.1, they have the following 
properties. 

Properties of the function h mod:V . 

1) If feK v (m)*, K v = R, C, then 

h mo d,vi A > fv) = hmodA^v) - iVer„ log |/|. 

2) Suppose that f:A-^B is an isogeny, to G {&>%/ K )® N ; and the form i] G T(9Jt, uj%^) 
is such that 

i(v)\a = f*w, i(ri)\ b = w, 
where a and b are the points of 9Jl(K v ) corresponding to A and B . Then 

frmod,«(A v) = h mo d,vi B i V) ~ log(deg /). 

Proof. Property 1) is obvious. Property 2) follows from diagram jTj) and formula (JSj) 
in §2.2 (we note that in [T7] it was mistakenly concluded from Proposition 6 in §4 that 
the number h mo d, v (A, rf) is invariant relative to isogenics, and the question was posed of 
finding nonarchimedean components with the same property). 

We shall need a slight generalization of the number hx v (A, uj) in Definition 1 of §2.1. 
Namely, we can immediately generalize to the case of a tensor form uo G {Vt 9 A i K )® N (and 
a sheaf c^fys)' with Proposition 1 still holding (in 3) one must multiply the second term 
on the right by N). 

Definition 2. Suppose that K is a number field, A is a (/-dimensional abelian variety 
with good reduction over K , r\ G T(M,u^ K ) is a holomorphic form, and Wl = . To 
these data correspond: 



rj A Tj 
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1) the point a G Wt(K) for which A a = v4, and the corresponding points a v &Wl(C), 
v G P{K)^ for A® K v ; 

2) the form uo = i(rj) G ^a/ot +1 ^ obtained using the isomorphism % (see (j3J) of §2.2); and 

3) a one-dimensional subscheme C C M , C ~ Spec A K , such that A | c is the Neron model 
of A over K and a is its generic point. 

Then the quantity 

^mod(A) = ^ * , h *v {A®K v ,u®K v )+ _ Y h mod , v (A,ri)(a v ) 

[ ' ^ v&P{K) f [ ' ^ veP(K) x 

is called the modular height of the abelian variety A . 

Using the product formula, we see that h mo d(A), like h(A), does not depend upon the 
choice of r\ and makes sense for any A. From Proposition 1 of §2.1 and the properties of 
the archimedean components h mo d, v , we find that all of the properties in Proposition 3 still 
hold for the modular height. Thus, it remains only to consider the finiteness properties. 

PROPOSITION. The set of principally polarized g -dimensional abelian varieties A with 
good reduction over K having a given height h mo d(A) is finite. 

Remark 1. The proposition remains true if we suppose only that the abelian varieties 
A have potentially good reduction but that the set S(A) (of places of K of bad reduction) 
is fixed. In fact, according to Raynaud's criterion (§2.1), if we adjoin the coordinates of the 
points of order 3 to the field K , we obtain an extension L over which A has semistable 
and hence good reduction. Since we have fixed the set S(A), the extension L/K has 
bounded ramification (and degree). By Hermite's theorem, there are only finitely many 
extensions L/K , and it then remains to apply the finiteness theorem for forms in §3. 

We further note that, since S(A) is invariant under isogenies, in all of the applications 
(in §5) the fixing of this set has no significance. 

In order to prove the proposition, we consider a model M of the moduli scheme over 
Z. Let L = w^m +1) and 77 G F(Wl, ufy K ) - We consider the section 1(77) (see gj) in §2.2) 

of the sheaf w^ +1 ' . It determines a rational section r = i(rj) of the sheaf L over the 
scheme M. By property 3) of Definition 2 and by Definition 1 of §2.1, we have 

h Kv (A® K v ,i(r]) ® K v ) =v(r\ c )\ogNv (9) 

for any place v G P(K)j of K . 

Lemma. Suppose that X is an irreducible algebraic variety over a local field K v , Y/o v 
is a smooth normal scheme with generic fiber X , £ G Pic Y, s G T(X, &\X) . Define the 
function 

f(P) = v(s\ c ), PeX(K v ), 

where C is the section of the scheme Y over which corresponds to P , and s is a 
rational section £ which extends s. Then the following assertions are true: 
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1) the function f is bounded from below; 

2) if the section s is regular, then f ^ . 

In fact, / is the quasifunction which Neron [Ne3] associates to the divisor (s) of the 
section s (or the Neron divisor, in Lang's terminology, Chapter 10, §2). Properties 1) and 
2) then follow from the fact that (s) is an effective divisor. We shall omit the verification 
of the lemma. 

Now suppose that r]o, . . . , r\ n G r(9Jt, is a basis for the space of cusp forms of some 
sufficiently large weight N. Then the (n + 1) -tuple i]o,...,r} n determines a projective 
imbedding ip: 9Jt <^-> P„ [48]. We estimate the height h^a) of the point a G 9Jt(K) in 
this imbedding (see the definition in Chapter 3). Let Sj = i(r)j) and s (a) 7^0. By (DQ), 
Proposition 1.1 of §2.1, and property 1) of the function h mo ^ v , we have 

[K:Q)h v (a) = Y] suplog^(a) =- V Mv(^(a) ) = 



veP(K) 



veP(K) 



= - /J inf w(sj|c) logN-u + 2J v ( s o\c) logN-y - 

veP{K) f 1 v€P(K) f 

- ^2 inih modtV (A,rij) + frmod,v(A t?o) ^ 

^ const + v(sq\c) logNt> + 

veP{K) f 

+ ^2 h ™°d,v(A 770) < const + i\T[iC : Q]/i mo d(^), 

where the inequalities follow from the lemma (the divisors (3}) are effective on the scheme 
M, if we remove from it a finite number of fibers) and the bound ([5|) in §2.2. Applying the 
finiteness property for heights (Lang, Chapter 3, Theorem 2.6), we obtain the required 
result. 

Remark 2. It follows from the proposition that the number of polarizations of degree 
1 on a fixed abelian variety over K (considered up to i^-isomorphism) is finite. 

Remark 3. We now show that h mod (A) = h(A) + const . Let uo G T(Wl, ua/vji) ■ Then the 
form u A oJ can be integrated over each fiber A a of the family A/Wl. By the same token 
there is a scalar product defined on the fibers of c^a/ot (and also u^). The isomorphism 
(jlj) takes this scalar product to a scalar product on u>m- Thus, one obtains a smooth 
volume form Q' on the tangent bundle Tg^- For any point a G £DT we have the imbeddings 
Tm,a ^ & g and T A / OT e ( a ) C 9 , and the explicit formula for the Kodaira-Spencer map in 
terms of these imbeddings ([50j, p. 408) shows that Q' = fl up to a constant. This implies 
the required equality for the heights. One can also observe that the formula (jBJ) giving 
the behavior of the archimedean component of the modular height under isogenies implies 
that the form ft' is invariant under transformations of & g , in Sp(2g, Q) ; and since the 
latter group is dense in Sp(2p, R) , it follows that the invariance holds relative to the entire 
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group of automorphisms of & g . Consequently, Q' is an invariant volume in & g , and so 
Q' = Q up to a constant (this proof is due to Zarkhin). 

Remark 4. An explicit form for the heights h(A) and h mo a(A) on a modular curve 
with g = 1 is given in Deligne's report [37] |^ 



§3. £-divisible groups, Tate modules and abelian varieties 

In this section £ is a prime number, F is a field of characteristic ^ £, F is its separable 
algebraic closure, and T is its Galois group. 

LEMMA. Let W n be a finite abelian group which is annihilated by multiplication by t n . 
Let W\ denote the subgroup of W n consisting of elements annihilated by multiplication 
by £, and let £ n be the order of this subgroup, i.e., h is the dimension of W\ as a vector 
space over Z/^Z. Then the following conditions are equivalent: 

(a) the group W n has order equal to £ nh ; 

(b) W n is a free Z/£ n Z-module of rank h. 

The proof follows immediately from the elementary divisor theorem. 

Remark. Let m denote the greatest natural number such that W m = Ker(W n W n ) 
is a free Z/£ m Z-module, and set r(W„) = W m . Then W m is a free Z/£ m Z-module of rank 
h. Conditions (a) and (b) are equivalent to the equality W n = r{W n ). 

If W n is a direct sum of r cyclic groups, then W n /r(W n ) is a direct sum of at most 
r — 1 cyclic groups. 

EXAMPLE. Let G be an (infinite) abelian group which satisfies the following conditions: 
the map multiplication by £, G — > G, is surjective, and its kernel G\ is a finite abelian 
group. Then, for any natural number n, the kernel G n of multiplication by £ n , G — > G , 
is a free Z/£ n Z-module of rank h, where h is the dimension of G\ as a vector space over 
Z/£Z. 

Let h be a nonnegative integer. 



Definition (Tate [28j). An £ -divisible group W of height h L^J is an infinite 
sequence of pairs (W n ,i n ), consisting of a finite abelian group W n and an imbedding 
in '■ W n ^ W n+ i , which satisfies the following conditions. 



(a) The group W n has order 



ffnh 



(b) The imbedding i n identifies the group W n with the kernel of multiplication by 
W n+ \ i.e., one has the exact sequence 



0^W n ^W n+1 ^W n+1 . 



^ Added in translation. A table of the heights of elliptic curves of CM-type for imaginary quadratic 
fields with discriminant — p^— 2000, where p is a prime and p=3mod4, has been constructed by 
Zarkhin gE]. 

(10) Not to be confused with the notion of height in Diophantine geometry! 
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In particular, the group W n is annihilated by multiplication by t 1 . 

It follows from the lemma that W n is a free Z/£ n Z-module of rank h. The composition 
of the imbeddings i r (r — n, . . . , n + m — 1) gives an imbedding 

which identifies the group W n with the kernel of multiplication by £ n in W n+m , i.e., one 
has the exact sequence 

o^w n in -^w n+m ^w n+m . 

Note that 

i n w n = ew n+1 , t n , m w n = rw n+rn . 

By the same token, we have the exact sequence 

o - w n tn -^ W n+m - W m ^ 0. 

One can define the group 

W OQ = \\mW n , 

n 

which is the inductive limit relative to the imbeddings i n , and the Tate module 

T(W) = \imW n , 

n 

which is the projective limit relative to the surjections 

w n+1 -^ew n+1 ^w n . 

The group is isomorphic to (Qe/Ze) h and the Tate module T(W) is a free Z^-module 
of rank h. Multiplication by £ in is surjective, and its kernel is canonically isomorphic 
to Wi . For any n the group W n is canonically isomorphic to the kernel of multiplication 
by £ n in . These groups can also be recovered from the Tate module: there exist 
canonical isomorphisms 

W n ~T{W)/£ n T(W). 
An important example of an ^-divisible group is the group 

G n = Ker(G) ^ G, G n C G n+1 , 

which is the kernel of multiplication by i n in an abelian group G for which multiplication 
by i is surjective and the kernel G\ of multiplication by i is a finite group; it is the 
dimension h of the latter group over the field Z/£Z which is the height of the ^-divisible 
group G(£) = (G n ,i n ). Here i n : G n C G n+ i is the inclusion map. The group G(£) co can 
be identified in a natural way with the ^-torsion subgroup of G, and the Tate module 
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T{G{£)) coincides with the Tate ^-module (or Z^-module) T^{G) of G, which is defined 
as the projective limit 

lim G n 

n 

I 

of the groups G n relative to the transfer maps G n+ i — > G n . 

Along with the Tate Z^ -module T^{G) one often considers the Tate -module 

V e (G)=T t (G) ® Zt Qe, 

which is an /i-dimensional vector space over . 
Examples. 

1) Let G = Q/Z. Then G n = £~ n Z/Z, the ^-divisible group Q/Z{£) has height 1, and 

G 00 = Q £ /Z £ , T £ (G) = Z e , V t (G) = Z e . 

2) Let G = F . Then G n — Hfn and the ^-divisible group G m (£) — G(£) also has height 
1. Here ji^ is the group of £ n th roots of 1. We note that the Galois group r of F acts 
compatibly on the groups G n . 

3) Let X be an abelian variety over a field F . We set G = X(F) . Then one can consider 
the ^-divisible group X{£) — G{£). Its height is 2g , where g = dimX , and X{£) n — X(n , 
where Xpn is the group of points of the abelian variety X which are annihilated 
by multiplication by £ n . The Tate module T{X{£)) =T £ (G) coincides with the Tate 
^-module T^(X) of the abelian variety X . As in the previous example, the Galois 
group acts compatibly on the groups G n = X^ , and these actions glue together to 
form a continuous homomorphism r — > Aut T^(X) which extends by Q^-linearity to 
an £-adic representation 

r^Aut\4(x), 

where 

V t (X) = V e (X(F)) = T e (X) <g) z , Q^- 

We let 

X (XJ): T^ZeCQe 

denote the character of this representation. The ring End X of F-endomorphisms of 
the abelian variety X acts compatibly on the groups G n = Xjm and commutes with 
the action of the Galois group; these actions glue together to form natural imbeddings 

EndX <g> Z e ^ EndrTXX), 
EndX ®Qt^ End r V e (X). 

Definition. An ^-divisible group W is said to be an £ -divisible group over the field 
F if the Galois group T of the field acts compatibly on all of the W n , i. e., if all of the 
W n are Galois modules and the i n are homomorphisms of Galois modules. 
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If W is an ^-divisible group over the field F , then the group and the Tate module 
T(W) are Galois modules; in particular, there is a canonical continuous homomorphism 

AutT(W) c AutV(W), 

where V(W) = T(W) ®z t is an /i-dimensional vector space over Q^. 

The above examples 1 )-3) of ^-divisible groups are actually examples of ^-divisible 
groups over the field F (the Galois group acts trivially in Example 1)). 

One defines the notions of a homomorphism of ^-divisible groups (over F) and an 
^-divisible subgroup (over F) in the obvious way. If W and H are ^-divisible groups over 
F , then the natural map 

Rom(W, H) -> Hom r (T(W0, T(H)) 

is a bijection. If W is an ^-divisible subgroup of H (over F), then its Tate module T(W) 
is canonically imbedded in the Tate module T(H), and is a pure (and T-invariant) Z^- 
submodule. Conversely, any such submodule of the Tate module determines an ^-divisible 
subgroup (over F). These sub- modules can be simply described using (T-invariant) 
subspaces E of V(H) ; the corresponding submodule turns out to be the intersection of 
the subspace E with the lattice T(H) C V(H) = T(H) <S>z e Qe 

Suppose that X and Y are abelian varieties over F . Any F -homomorphism 7r: X ^>Y 
gives rise to a corresponding homomorphism of ^-divisible groups X(£) — >Y(£) and of Tate 
modules T e (X) -> T e (Y) , V t {X) -> V e (Y) . If n is an isogeny, then the map V e (X) -> V e (Y) 
is an isomorphism of vector spaces which commutes with the action of the Galois group. 
In particular, if X and Y are F-isogenous, then the Galois modules Ve(X) and Vi(Y) 
are isomorphic, and x(X,£) = x(X,ty m the general case, one has natural imbeddings 

Hom(X, Y) <g> Z e ^ Hom r (T,(X), T e (Y)), 
Hom(X, Y) <g> Q e ^ Hom r (^(X), V t (Y)) 

(which coincide with the ones given above when X — Y). We note that if x{X, £) = x(X> ^) 
and if the Galois modules Vt(X) and Vi(Y) are semisimple, then they are isomorphic. 

There is a one-to-one correspondence between ^-divisible subgroups W of X(£) over F 
and T-invariant Q^-subspaces E of Ve(X): the Tate module T(W) is the intersection of 
E with Tg(X). Since the Galois modules Ve(X) and Ve(Y) are isomorphic whenever X 
and Y are isogenous abelian varieties, there is a one-to-one correspondence between the 
^-divisible subgroups over F in X{£) and Y{£) which can be described as follows. Suppose 
that 7r: X — > Y is an isogeny. Then an ^-divisible subgroup W of X(£) corresponds to 
the ^-divisible subgroup tt*W in Y(£) , which is determined by the condition 

(^W) 00 = n(W 0D )cY(F). 

Definition. Suppose that X is an abelian variety over the field F . It is said to satisfy 
the £-finiteness condition if the following holds for any ^-divisible subgroup W of X{£) 
over F . 
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For any natural number n, we define an abelian variety Y( n ) =X/W n over F by taking 
the quotient of X by the finite group W n . Then the sequence , Y( 2 ), ■ ■ ■ , Y{n), ■ ■ ■ 
contains only finitely many pairwise nonisomorphic (over F) abelian varieties, i.e., there 
exists a finite set Y^, . . . , Y^ of abelian varieties such that any of the F( n ) is isomorphic 
to one of y (il ), . . . ,Y {ir) . 

Remark. If X and Y are abelian varieties which are F-isogenous to one another, 
and X satisfies the £-finiteness condition, then so does Y . 

FINITENESS THEOREM FOR ^-ISOGENIES. Suppose that X is an abelian variety over 
F which satisfies the t-finiteness condition (see Corollary 5.4)- Then the set of abelian 
varieties Y over F (considered up to F -isomorphism) for which there exists an l-isogeny 
X — > Y ( over F ) is finite. 

One can give a proof by contradiction using the fact that a projective limit of nonempty 
finite sets is nonempty, along with the following concept. 

DEFINITION. An ^-isogeny of abelian varieties ip: A — > B which is defined over F is 
said to be minimal if for any other ^-isogeny ip : A — > B defined over F one has deg ip ^ 
^ deg ip . 

If two abelian varieties A and B are £-isogenous over F, then there always exists a 
minimal isogeny ip: A^ B . If the minimal isogeny <p : A — > B factors into a composition 
of £-isogenies a: A — > C and (5: C — > B defined over F , i.e., f = Pa, then a and f3 are 
also minimal isogenies. In particular, if if is a Galois submodule inside the kernel Ker ip 
of a minimal isogeny ip: A—^B, then the natural isogenies 

A^A/H, A/H^ (A/H)/(Kenp/H) ~ 5 

are minimal. For example, for H one can take the group 

(Ker ip) em = Ker ip n A^ 

— the kernel of multiplication by i m in Ker ip . We choose the largest natural number m 
such that (Kenp) £m is a free Z/£ m Z-module, and we set 

t (Ker ip) = (Kerip) em . 

If Kenp is a direct sum of h cyclic groups, then riKenp) is a free Z/£ m Z-module of rank 
h, and the quotient group Ker ip/r(Kenp) is a direct sum of at most h — 1 cyclic groups 
(see the remark at the beginning of this section). Thus, the natural isogenies 

A -> A/V(Kery?), A/r(Kery?) -> A/r(Ker v?)/(Kerv9/r(Kerv?)) ~ 5 

are minimal. 

If A — > _B( n ) is an infinite sequence of minimal isogenies whose degrees approach infinity, 
then the sequence -B(i) , -B(i), • • • contains an infinite number of pairwise nonisomorphic 
(over F) abelian varieties. 
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To prove the theorem it suffices to obtain a contradiction from the supposition that 
there exists an infinite sequence of minimal isogenies ip n : X — > Y( n ) whose degrees approach 
infinity. Passing to a subsequence, we may suppose that the kernels Ker ip n are direct sums 
of the same number h of cyclic groups. We shall use induction on h. 

Suppose that h — 1, i.e., the Kenp n are cyclic groups. For any natural number m 
we let i denote the set of all cyclic subgroups of order £ m in X which have the 
form t Ker^ (for some i and j). It is easy to see that lX m i is always a nonempty and 
finite set (since the set of all cyclic subgroups of X of a given order is finite). We have 
natural maps \i m +i,i — > U m ,i , which take the group H G U m+ i 5 i , to £H e U m; i . Since the 
projective limit limlX m i is nonempty, it follows that there exists an ^-divisible subgroup 

W of X{£) defined over F which has height 1 and has the property that for any n one has 
W n = t Ker ifij for some i and j . In particular, W n is in the kernel Ker ipj of a minimal 
isogeny, and so the natural isogeny X ^ X /W n is minimal. We obtain an infinite sequence 
of minimal isogenies X — > X/W n whose degrees, which are i n , approach infinity; hence, 
the sequence X/Wi, X/W2, . . . contains an infinite number of pairwise nonisomorphic 
abelian varieties. But this contradicts the £-finiteness condition. (We essentially already 
proved the theorem for elliptic curves.) 

Now suppose that h > 1 . We consider the sequence of groups 

Hi = r(Ker ipi) C Ker ipi. 

Two cases are possible. 

a) The orders of the groups Hi are bounded. Then, passing to a subsequence, we may 
suppose that there is a finite group H in X such that H = Hi = TiKenpi) for all i. 
Setting X = X/H , we obtain the sequence of minimal isogenies 

^ : X = X/H -> X/H/(Ker tpi/H) = Y (i) 

with kernels Ker — Ker (pi/H — Ker <Pi/r( Ker ipi) each of which is a direct sum of at 
most h—1 cyclic groups. Passing to a subsequence, we may suppose that the Ker^ 
are direct sums of a certain number h' of cyclic groups, where h' < hit remains to 
apply the induction assumption, since the abelian variety X , which is isogenous to X , 
also satisfies the £-finiteness condition. 

b) The orders of the groups Hi are unbounded. Then, passing to a subsequence, we may 
suppose that the orders of the Hi approach infinity. Let denote the set of finite 
groups in X which are free Z/£ m Z-modules of rank h and have the form tHj (for some 
% and j). The set U m ^ is nonempty and finite for any natural number m. We have 
natural maps \i m+ i t h — > U m ,h , which take the group H e Mm+i,h to £H e M m ,h Since 
the projective limit lim M m ^ is nonempty, it follows that there exists an ^-divisible 

subgroup W of X{£) defined over F which has height h and has the property that 
for any n one has W n — tHj — £V(Ker ipj) for some i and j. In particular, W n is 
in the kernel Kenpj of a minimal isogeny, and so the natural isogeny X — > X/W n 
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is minimal. We obtain an infinite sequence of minimal isogenics X — > X/W n whose 
degrees, which equal £ nh , approach infinity; hence, the sequence X/W\, X/W 2 ,... 
contains an infinite number of pairwise nonisomorphic abelian varieties. But this 
contradicts the £-finiteness condition. 



From the proof of Proposition 1 in Tate's paper [27], §2, it is easy to extract the following 
result: 

Theorem on semisimplicity of the Tate module ([27], [TT], [ZD]). Suppose 
that X is an abelian variety over F for which the t-finiteness condition holds. Then for 
any Y -submodule U in Ve(X) there exists an element u G EndX <g> Qp , such that u 2 —u 
and uVe(X) = U . Thus, the subspace (1 — u)Ve(X) is the T -invariant complement of U 
in V((X) , and the T -module Vi(X) is semisimple. 

Applying this theorem to the graphs of homomorphisms of Tate modules, we obtain 
the following. 

HOMOMORPHISM THEOREM (loc. cit) . Suppose that X and Y are abelian varieties 
over F , and their product X x Y satisfies the t-finiteness condition. Then the natural 
maps 

Hom(X, Y)®Z t ^> Homr(lXX), T t (Y)), 
Hom(X, Y) <g> Q,^ Hom r (^(X), V t {Y)) 

are bijections. In particular, the Galois modules Vp{X) and Vp{Y) are isomorphic if and 
only if X and Y are F -isogenous. For example, if the t-finiteness condition holds for the 
square X 2 = X x X , then the following natural maps are bijections: 

EndX ® Z t ^-> EndrT^(X), 
EndX ® End r V e (X) 

REMARK. When verifying the £-finiteness condition for 1x7, it is sufficient to 
limit oneself to ^-divisible groups which are isomorphic to X(£); the conclusion of the 
homomorphism theorem still remains valid. 



Principal polarization theorem ([ZJ], [52]). 1^1 Suppose that X is an abelian 
variety over F , and X' is its Picard variety. Then there exists a principal polarization 
on the abelian variety {X x X') 4 . 

Remark. Suppose that X — > Y is an F-isogeny of abelian varieties (over F) whose 
kernel is annihilated by multiplication by a natural number r. Then there exists an 
F-isogeny X' — >Y' whose kernel is also annihilated by multiplication by r. From this 
it easily follows that there exists an F-isogeny of principally polarized abelian varieties 
(X x X') 4 (Y x Y') 4 whose kernel is annihilated by multiplication by r. 

Suppose that X is an abelian variety over F, and W is an ^-divisible sub group of 
X(£) over F . For any natural number n we let denote the orthogonal complement 



( n '[52] contains a presentation of Deligne's proof. 
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of W n in X' n relative to the Weil pairing. Then the sequence {W 7 ^ - } gives an ^-divisible 
subgroup of X'(£) over F . Here we have natural F -isomorphisms 



Finiteness theorem FOR forms. Suppose that X is an abelian variety over F , and 
E is a finite separable field extension of F . Then the set of abelian varieties Y over F 
(considered up to F -isomorphism) for which there exists an E -isomorphism X ® E ~ 
Y <S> E is finite. 

This result follows immediately from a theorem of Borel and Serre on finiteness of the 
noncommutative cohomology of groups of arithmetic type ([35], Proposition 3.8, p. 136). 

For the remainder of the section we shall consider the important concept of the 
determinant of an £ -divisible group. If W is any ^-divisible group over a field F of height 
h, one has the free rank 1 Ze -module 



which is the maximal exterior power of the Tate module. The Galois group T acts naturally 
on detW 7 . The character r— > AutdetW = Z|, which gives this action, will be denoted 



Examples. 

(a) W = Q/Z(£). Then xw is the trivial character. 

(b) W = Q/G m (£) . Then xw — Xo is the cyclotomic character, which gives the action of 
the Galois group on the £ n th roots of 1 (for all n). 

(c) W = X(£) , where X is a g -dimensional abelian variety over F . Then xw — Xo (this 
is a consequence of the existence of a nondegenerate skewsymmetric Weil-Riemann 
pairing on the Tate module). 

If W = W 1 x W 2 is a product of ^-divisible groups, then xw — Xw 1 Xw 2 ■ 
Digression. Proof of the principal polarization theorem 




(X x X'f/H n ~ ((X/W n ) x {X/W n )')\ 



it 




by xw- r->z;. 



This theorem follows from a somewhat more precise statement, given below. 
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Let X be an abelian variety over a field F , and let a : X — > X' be a polarization which 
is also defined over F . For any natural number i one can determine an abelian variety 
X % and a polarization a 1 : (X')* = (X 1 )' such that 

Ker a 1 = (Ker a) 1 and deg a 1 = (dega) 1 . 

Theorem. Fix a natural number n such that the finite group scheme Ker a is annihilated 
by multiplication by n. (For example, n can be taken to be dega.) Then the following 
assertions are true: 

1) // —1 is a square modulo n, then there exists a finite group subscheme W\ in Ker a 2 C 
C X 2 such that: 

a) Wi~Ker a (over F) (in particular, the order of the group scheme W\ is the square 
root of deg a 2 ); 

b) W\ is a (maximal) isotropic group subscheme of Ker a 2 relative to the Riemann 
form corresponding to the polarization a 2 ; and 

c) there exists an F -isogeny f\ \ X 2 — » X x X' with kernel W\. In particular, a 2 
descends to a principal polarization on X x X' which is defined over F . By the 
same token, X x X' is principally polarized over F . 

2) // — lmodn is a sum of two squares, then there exists a finite group subscheme W2 in 
Ker a 4 C X 4 such that: 

a) W2 ~ Ker a 2 ( over F ) (in particular, the order of the group scheme W2 is the 
square root of deg a 4 ); 

b) W2 is a (maximal) isotropic group subscheme of Ker a 4 relative to the Riemann 
form corresponding to the polarization a 2 ; and 

c) there exists an F -isogeny f2'- X 4 — * (X x X') 2 with kernel W2. In particular, a 4 
descends to a principal polarization on (X x X') 2 which is defined over F . By the 
same token, (X x X') 2 is principally polarized over F . 

3) There always exists a finite group subscheme W\ in Ker a 8 C X 8 such that: 

a) W4 ~ Ker a 4 ( over F ) (in particular, the order of the group scheme W4 is the 
square root of deg a 8 ); 

b) W4 is a (maximal) isotropic group subscheme of Ker a 8 relative to the Riemann 
form corresponding to the polarization a 8 ; and 

c) there exists an F -isogeny $4: X 8 — > (X x X') 4 with kernel W4, In particular, a 8 
descends to a principal polarization on (X x X') 4 which is defined over F . By the 
same token, (X x X') 4 always has a principal polarization defined over F (this is 
the principal polarization theorem). 
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PROOF. Construction ofW 1 , W 2 , and W 4 . 

1) We choose an integer aeZc EndX such that a 2 = — 1 modn. Then W\ is the image 
of the group scheme Ker a C X under the imbedding X — > X 2 , y \— > (y, ay)(y G X) . 

2) We choose integers a, &G Z such that a 2 + b 2 = — 1 modn, and we consider the "complex 
number" 

a h G M 2 (Z) G M 2 (EndX) = EndX 2 . 

Then Wi is the image of the group scheme Ker o? C X 2 under the imbedding X 2 — > 
X 2 xX 2 = X 4 , y ^ (y,/y)(yGX 2 ). 

3) We choose a 4 -tuple of integers a, b, c, d G Z such that a 2 + 6 2 + c 2 + <i 2 = — 1 modn, 
and we consider the "quaternion" 

I 'a —b —c —d\ 
1= b _ a d C GM 4 (Z)GM 4 (EndX) = EndX 4 . 

C CL CL 

\d c —b a J 

Then W4 is the image of the group scheme Ker a A C X 4 under the imbedding X A — > 

X 4 xX 4 = X 8 , y » (y,Iy)(yeX 4 ). 

Construction of the isogenics fi : X 2t — > (X x X') 1 with kernel Wi . 

1) In the isomorphism 

f:XxX^XxX = X 2 , (y,z)^ (y,ay) + (0, z) = (y,ay + z), 
we have W\ = /(Ker a x {0}) G f(X x {0}) , and this enables us to define an isogeny 
/1 = (a, id)/' 1 : X 2 -> X 2 -> X' x X = X x X' 

with kernel Wi . 

2) In the isomorphism 

/:X 2 xX 2 ^X 2 xX 2 = X 4 , (y,z) » (y, Iy) + (0, z) = (y, Iy + z), 
we have W\ = /(Ker a 2 x {0}) G /(X 2 x {0}) , and this enables us to define an isogeny 

f 2 = (a 2 , id)/" 1 : X 4 -> X 4 -> (X 2 )' x X 2 = (X x X') 2 
with kernel W^- 

3) In the isomorphism 

/:X 4 xX 4 ^X 4 xX 4 = X 8 , ^ (y, Iy) + (0, *) = (y, Iy + z), 

we have W± = /(Ker a x {0}) G /(X x {0}) , and this enables us to define an isogeny 

U = (« 4 , id)/ -1 : X s -> X 8 -> (X 4 )' x X 4 = (X x X') 4 
with kernel W±. 
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§4. Isogenies of abelian varieties over local fields, and Galois modules 

4.0. In this section if is a complete discrete valuation field of characteristic zero with 
algebraically closed residue field k of finite characteristic p, v: K* — > Z is the discrete 
valuation of K , normalized by the condition v(K*) = Z, and o is the valuation ring, i. e., 

o = {x G K\v(x) > 0}. 

The number e = v{p) is called the ramification index of the field K; if e= 1, then K 
is said to be unramified. We fix an element it G o C K with v(it) = 1. (Concerning the 
concepts in this section, see [2], [66], and |Ser3| .) 

The Galois group I = Ga\(K / K) of the field K coincides with the inertia group. If n is a 
natural number prime to p, then all of the nth roots of 1 lie in K; they form a cyclic group 
of order n, which we denote by fi n (K) . We have canonical surjective homomorphisms 

j n : I -> ti n (K), 

whose kernels correspond to the tamely ramified cyclic extensions K n = K(7r 1 ^ n ) of degree 
n over K (which do not depend on the choice of it). Here 

a(n 1/n ) = j n (a)7r 1/n for all a & I. 

The map o -» k of taking residues gives a canonical isomorphism 

between the groups of nth roots of 1 in K and in k. Hence, the composition 

I ^ »n(K) ^ Vn(k) 

gives a surjection / -» fi n (k) , which we shall also denote by j n . 

We consider the case n = p— 1 in more detail. Clearly /x p _ 1 (/c) is the group of 
invertible elements of the prime subfield Z/pZ C k. We let r v denote the corresponding 
homomorphism 

Jp ^:T^fi p _ 1 (k) = (Z/pZy. 

Any other (continuous) character \'- I^(Z/pZ)* is equal to a power r™, where the 
exponent n is an integer which can always be taken between and p — 1 . Thus, for 
example, the cyclotomic character 

x --i^(z/pzy 

which gives the action of the Galois group on the group fi p (K) of p-th roots of 1, is equal 
to Tp . In particular, if the field K is unramified, then 

r P = Xo- 

We note that %o = Xo modp, where xo '■ F — > Z* is the cyclotomic character, which gives 
the action of the Galois group on the p m th roots of 1 (for all m). 
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Suppose that r is a natural number, q = p r and F = F q , is a finite field of q elements. 
Any imbedding of fields i: F fc gives an isomorphism F* ^h> /j, x (k), which induces a 
surjection 

from which the imbedding can be uniquely recovered. We let M denote this set of 
surjections x%'- I F* . This set (like the set of all imbeddings F <^-> k) is a principal 
homogeneous space over the finite cyclic group Z/rZ. Here an arbitrary element £modrZ 
of the group Z/rZ takes the character x% to the character Xi+e — Xi • In particular, if we 
fix an imbedding i: F fc , then the entire set M consists of the r characters 

Xi) Xi+l) • • • 5 Xi+r{ Xi) 

of the group I with values in the multiplicative group F* of the field F . Any (continuous) 
character x : I ^ F* can be uniquely represented in the form of a product 

Y[ xZv ° < n t<p- 1> 

with the exception of the identity character, which has two representations 

Y[x i + e = Y[x P i+l- 

Conversely, any r -tuple ni,...,n r of nonnegative integers not exceeding p — 1 gives a 
character 

Xni,...,n r = J^J Xi+e '■ I ~ ¥ F ■ 

Example. If r = 1, then F = Z/pZ, and there is exactly one imbedding i: Z/pZ k. 
Here Xi = r v , Xo = Xi ■ 

4.1. Suppose that F is a finite field of q = p r elements, and V is a one- dimensional 
vector space over F . Any character x : I ~ > F* gives an /-module structure, i. e., a Galois 
module structure, on V . Regarding V as a vector space over the prime field Z/pZ, we 
see that it is r -dimensional and is equipped with a Galois module structure, which we 
denote V(x)- It is easy to verify that the Galois module V(x) is simple if and only if 
one of the following conditions is fulfilled: (a) F is a prime field, i.e., r = 1; or (b) the 
sequence of numbers (ni, . . . , n r ) giving the character x = Xm,...,n r i s n °t invariant under 
any power of the cyclic permutation. 

Serre's lemma |Ser3| . Suppose that V is a finite abelian group which is annihilated 
by multiplication by p, i. e., it is a vector space over Z/pZ of finite dimension r . Further 
suppose that a simple I -module structure is given on V . Then the centralizer F = EndiV 
is a finite field of q = p r elements, and V is a one- dimensional vector space over F. The 
I -module structure on V is given by a character 

X : J^F*cAut(n 

i e., V~V(x)- 
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Definition. A simple Galois module V ~ V(x) will be said to be admissible if the 
defining character x can be represented in the form 

x = II x i+i> 0^n e ^e for all £. 

Examples. The group Z/pZ (with trivial action of the Galois group) and the 

Galois module f^ p (K) are always admissible. Conversely, if K is unramified, then any 

1-dimensional admissible module (over Z/pZ) is isomorphic either to Z/pZ or to fJ> p (K) . 
If e ^ p — 1 j then all simple Galois modules are admissible. If e = p — 1 , then the Galois 

modules Z/pZ and ti p (K) are isomorphic. 

Suppose that V is a finite abelian group which is annihilated by multiplication by p, 
i.e., it is a vector space over Z/pZ of some finite dimension m. Further suppose that a 
(not necessarily simple) Galois module structure is given on V . We let det V denote the 
maximal exterior power /\ m V of the vector space V . The one-dimensional space det V 
is a Galois module, and its structure is given by a character / — > Aut(det V) = (Z/pZ)* , 
which we denote Xv'- I — > (Z/pZ)*. For example, if V ~ V(x), then Xv — r" 1+ - + " r (here 
X = rii^^r Xi+e)'-) m particular, if K is unramified, then 

xv = x 

4.2. If M is a finite o-module, we let £(M) denote its length. If G is a (quasi)finite 
commutative flat group scheme over Spec o , we set 

dim(G) = £(e*^ /Speco ), 

where e: Spec o is the identity section. If the group scheme G is annihilated by 

multiplication by some natural number m prime to p, then it is etale, and ^G/Speco = i®} ' 
in particular, dim(G) = 0. 

4.2.1. Suppose that G is annihilated by multiplication by p. Then the group G(K) of 

its K -points is a vector space over Z/pZ of some finite dimension h, and it is equipped 
with a natural Galois module structure. This Galois module uniquely determines (up to 
isomorphism) the generic fiber G^ of the group scheme G , which is a group scheme over 
Specif. We let det G: / — > (Z/pZ)* denote the character X G ig-s ■ 
Raynaud's lemma [60] . 

(a) Suppose that G is a finite flat commutative group scheme over Spec o which is 
annihilated by multiplication by p. If the Galois module G(K) is simple, then it 
is admissible. 

(b) Suppose that V(x) is an admissible Galois module, corresponding to the character 
X — Xnx,...,n T ■ Then there exists a finite flat commutative group scheme G(x) over 
Spec o which satisfies the following conditions 
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1) The Galois module G(K) is isomorphic to V(x)i in particular, det G = r™ i+-+ n *- . 

2) As an affine scheme, G(x) is isomorphic to the spectrum of the ring 

0[h, . . .,t r ]/{t[ - 7i n H 2 ,t p 2 - n n H 3 , vr n "ti); 

for the identity section e one can take the point with zero values of the parameters 
t\,...,t r . Thus, 

e*l^ (x)/0 ~ o/vr ni o © ... © o/tt^O, 
dimG(x) = rii + ... + n r and det G{ X ) = r p dimG(x) . 
In particular, if K is unramified, then detG(x) =Xo imG ^. 

3) If e <p — 1 , then for any admissible module V(x) there exists exactly one finite flat 
commutative group scheme G over Spec o which is annihilated by multiplication by p 

and is such that the Galois modules G(K) and V(x) are isomorphic, in particular, 
G = G(x) and det G = r p dimG . 

Examples, (a) If x is the trivial character, then G(x) is the constant group scheme 
Z/pZ, (b) If x = Xo i s the cyclotomic character, then G(x) is the scheme /-i p of pth roots 
of 1. (c) If the character X = T p corresponds to a prime field F, i.e., if r = 1 (see §3.1), 
then, in the notation of Tate and Oort |28aj . G(x) is the group scheme G a ,b of order p 
with a = TT n and b = i\ e 



.e—n 



Remark |60| . Raynaud's lemma is also valid when e = p — 1 , except that there are 
two group schemes corresponding to the trivial character (x = Xo), namely, Z/pZ and 

From this it easily follows that, if K is unramified, and if the Galois module G(K) is 
simple, then det(G) = Xt) im ^- 

4.3. Suppose that / : X — > Y is an isogeny of abelian varieties over K having semistable 
reduction, / : X — ► Y is the corresponding morphism of their Neron models, and G = Ker / 
is its kernel, which is a quasifinite commutative flat group scheme over Spec o . The kernel 

Ker / of the isogeny / is a finite Galois module which coincides with G(K) and has order 
equal to the degree deg / of the isogeny / . If Ker / is annihilated by multiplication by 
some natural number n , then Ker / C X n , and we have the commutative diagram 

f:X — > Y 
X 

where all the arrows are isogenies of abelian varieties. Passing to morphisms of Neron 
models _ 

/: X — > Y 

X 
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we find that G is annihilated by multiplication by n; in particular, G is annihilated by 
multiplication by degf. Thus, if deg / is prime to p, it follows that dim(G) = 0. 

4.3.1. Suppose that /: X — >Y is a p-isogeny, i.e., deg/ is a power of some prime 
p. We note that any such isogeny factors into a composition of isogenies over K whose 
kernels are annihilated by multiplication by p. We next suppose that Ker/, and hence 
G, are annihilated by multiplication by p. Then the isogeny / factors into a product 
of isogenies over K whose kernels are finite simple Galois modules. The next assertion 
follows easily from results of Raynaud (§4.2.1). 

4.3.2. LEMMA. Let f:X^Y be an isogeny of abelian varieties over K whose kernel 
Ker / is annihilated by multiplication by p. If X has good reduction over K , then G 
is a finite flat group scheme which is annihilated by multiplication by p . If, in addition, 
Kerf is a simple Galois module, then it is admissible, and if K is unramified, then 

j , f-\ — dim(G) 

detG = x 

Conversely, given any admissible Galois module V , there exists an isogeny of abelian 
varieties with good reduction over K whose kernel is isomorphic to V (a special case of 
Raynaud's theorem [33]). 

Remark. The statement that the kernel of the isogeny is admissible remains valid 
if we replace good reduction by semistable reduction: if G is not finite, and Ker / is a 
simple Galois module, then it is trivial (|71|. p. 220, Lemma 4.2.4). 

Remark. Given any finite Galois module V , there exists an isogeny of abelian varieties 
over K whose kernel is isomorphic to V (see [33j). 

4.3.3. COROLLARY. If e <p— 1, and if X has good reduction, then the dimension 
dim(G) can be uniquely recovered from the Galois module Ker / . Here f : X — > Y is an 
arbitrary isogeny over K , and G is the kernel of the corresponding morphism of Neron 
models. 

PROOF. It is sufficient to consider the case when / is a p-isogeny, and even an isogeny 
whose kernel is annihilated by multiplication by p. We factor / into a composition of 
isogenies 

X = Y {0) !\Y {l) h...H Y (m) = Y, 

where all of the kernels Vi = Ker /j are simple Galois modules. Then the set V±, . . . , V m 
coincides with the set of simple Jordan-Holder quotients of the Galois module Ker / , 
and it can be uniquely (up to rearrangement) recovered from Ker / . We know that each 
group scheme Gj/Speco, which is the kernel of the homomorphism of Neron models 
corresponding to /, can be uniquely (up to isomorphism) recovered from Vi . 

We choose a nonzero global differential form uo on Y of highest dimension. Its inverse 
image on Y^ under the natural isogeny Y^ — > Y will be denoted 

u>i. We have 

U m =U, LO = f*U, = f*U)i. 
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From the properties of the local term in the logarithmic height (§2.1) it follows that 

dim(G) = & (X {0) , u ) - £ (Y {m) ,u m ), 
dim(Gi) = L(F ( i_i),cJi) - £j(Y(i),Ui). 

Hence, 

m m 

dim(G) = £(Y(o),Wo) - L{Y {m) ,uj m ) = ^[£(Y" ( j_i), <*>%) ~ ^{ Y ii)^i)\ = ^dim(Gj). 

i=i i=i 

By the same token, the number 

dim(G) = L(X, fuj) - LiY, u) 

can be uniquely recovered from the numbers dim(Gj) depending only on the Gj , which, 
in turn, depend only on the Vi \ this proves Corollary 4.3.3. 

4.3.4. Corollary. Under the assumptions of Corollary 4.3.3, if K is unramified, 
then 

_ -dim(G) _ L(X,ru,)-L{Y,u>) 
XKerf ~Xo ~Xo 

The proof is obtained by a straightforward application of Lemma 3.2 and the following 
equality (in the notation of the proof of Corollary 4.3.3): 

XKcvf = XV1XV2 • • • Xv m ■ I -> Z/pZ*. 

4.3.5. EXAMPLE. Let n: X ^ X be the isogeny multiplication by n on an arbitrary 
abelian variety X over K . If u is any nonzero form of highest dimension on X , then 

n*uj = n dimX uj. Hence, 

L{X,n*uj) -L{X,u) =v{n dimX ) = (dimX)v(n). 

For example, if n = p m , then L(X, p m *uj) — L(X,cu) = me. 

4.3.6. We now suppose that X and Y are abelian varieties with good reduction over 
K , and e < p — 1. Let ip: X n -^Y n be a homomorphism of Galois modules, and let 

= {(x, V x) \x G X n } cX n xY n =(Xx Y) n C X x Y 

be its graph, which is isomorphic as a Galois module to the group X n . Then is the 
kernel of the natural isogeny 

vp: X xY ^ Z = (X x Y)/r v , 

which is isomorphic to the kernel X n of the isogeny n: X — ■> X . Hence, if u' is any form 
of highest dimension on the abelian variety Z , we have 

L(X x Y, V>V) - L(Z, u') = L(X, n*uj) - L(X, to) = v(n). 
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4.3.7. LEMMA. Let f: X—+Y be an isogeny of abelian varieties over K with 
semistable reduction whose kernel Ker / is annihilated by multiplication by n . Then 

< &(X, f*w) - &(X,w) < (dimX)v(n). 

Proof. We recall that 

£(X, f*u) - £(X, u) = dim(G) ^ 0, 

where G is the kernel of the homomorphism of Neron models corresponding to / . Let 
g : Y —> X be the isogeny such that the composition gf: X — > X is multiplication by n. 
Let ijj' be the form of highest weight on X such that g*uj' = u . Then 

L(X,f*u;)-Z(Y,uj) 

< £(X, f*u) - £(Y, uj) + [£(Y, g*u') - JL(X, to')] 
= &(X, {gf)*uf) - £(Y, uf) = L{X, n*u') - £(X, u') 
= (dimX)f (n). 

4.4. Let X be an abelian variety over K , and let be a p-divisible group over K of 
height h which is isomorphic to some p-divisible subgroup of X{p) over K . The theory of 
Hodge-Tate moduli (see [28], [21], [63J, and [65]) enables one to determine a nonnegative 
number d = dimW , which is called the dimension of the p-divisible group W (over K) 
and possesses the following properties. 

(a) xw — e Xo where e : I — > Z* is a character of finite order. This property may be regarded 
as the definition of the dimension d. (If X has semistable reduction over K , then 
e = 1 and xvk = Xo ) ^ n particular, p-divisible groups which are isomorphic over K 
have the same dimension. 

(b) IfW~ Q/Z(p) , then d = 0; if W ~ G ro (p) , then d = 1; and if W ~ y(p) for some 
abelian variety K over X, then d = dimF. In particular, 

dim X (p) = dim X. 

(c) dimW^h. 

(d) If W 7 ' is a p-divisible subgroup (over K) in W , then dim W' ^ dim W. In particular, 
dim ^ dim X . 

(e) If W is the generic fiber of a p-divisible group H = {H n } over o which is made up 
of finite group schemes H n over Spec o (Tate [28]), then W and H have the same 
dimension. Here dim(H n ) = ne dim(W) . 
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(f) Consider the natural p-adic representation p: I — > AutT p (W^) of the Galois group in 
the Tate module T{W) . Its image Imp is a compact p-adic Lie group. This group is 
finite if and only if d = 0. If d = 1, and if W has no nontrivial (i. e., different from 
{0} and W) p-divisible subgroups over K then the centralizer E = EiadiV(W) is a 
p-adic field, and Imp is an open subgroup of the group of -E-linear automorphisms 
of the Tate Q p -module T(W) ® Zp Q P = V{W) . 

(g) If W is isomorphic to a product of p-divisible groups W x W" (over K), then 
dim W = dim W + dim W" . 

Suppose that X has semistable reduction over K . We define the sequence of abelian 
varieties Y n = X/W n over K , and we consider the isogenics 

¥n ■ Y(n) -> Y(n+1) = Y(n)/ (W n+1 /W n ), 
fn,m' Y(n) ~^ Y(n+m) = Y( n )/ (W n+m /W n ) . 

We note that Ker <p„ is isomorphic as a Galois module to W\ for all n ; and Ker <P(n, m ) 
is isomorphic to W m for any n and m. The following fact ([S], pp. 134-136, §3.4) follows 
from results of Tate and Raynaud [28], [60] concerning p-divisible groups and results of 
Grothendieck and Raynaud |46] concerning Neron models. 

There exists a natural number N which satisfies the following conditions. For any n^N 
let G n denote the quasifinite flat group scheme over Spec o which is the kernel of the 
homomorphism of Neron models corresponding to (p n , and let G n denote the group scheme 
corresponding to the isogeny Wm . Then 

e*«cVffreco - (°/H dimiy , dim(G n ) = v(p) dim W = edimW. 

Thus, for any nonzero invariant forms uo n on Y n of highest dimension such that <p*o; n+ i = 
= uj n , (Pn.m^n+m+i =w„, we have 

L (Yin) ,u n )-L (Y(n +1 ) ,u n ) = dim(G n ) = e dim W, 

dim(G n , m ) = L(Y(n),uJn) - H(Y {n+m) ,uj n+m ) = ne dimW. 

The proof is based on the construction of p-divisible group H = {H n } over o such that 
dim if = dim W and dxm(H m ) = dim(GAr +m ) . 

4.5. Let X be g -dimensional abelian variety over K, and let £ be a prime ^ p. If X 
has semistable reduction, then the inertia group I acts on the Tate module Tt(X) by 
unipotent matrices [24J. 

4.5.1. Now suppose that X does not necessarily have semistable reduction over K . 
If K' is a finite Galois extension of K over which all of the points of order n on X are 
rational, then Xk 1 = X ® K' has semistable reduction over K' (Raynaud's criterion |45j). 



FINITENESS PROBLEMS IN DIOPHANTINE GEOMETRY 



79 



Here n is a natural number ^ 3 and prime to p. For K' we shall take the field of definition 
of all of the points of order n, i.e., K' corresponds to the kernel of the homomorphism 

Pn : I -> Aut(X n ) ~ GL(2<?, Z/raZ). 

We let c(n) denote the least common multiple of the orders of the cyclic subgroups of 
GL(2g, Z/nZ) . For any element <r G / the power a c ^ lies in the Galois group I' of K' , 
and hence it acts unipotently on the Tate module Tg,{XKi) = T(,{X) , and also on the space 
X t = T t (X)/£T e (X) (over the field Z/£Z). 

We should say a few words about the choice of n. If p ^ 3, then we may set n = 3; if 
p — 3, then n = 5. Thus, always either o" c ^ 3 ^ or a c ^ is a unipotent automorphism of the 
Tate module. Since c(15) = c(3)c(5), we conclude that the automorphism always 
unipotent, i. e., all of the eigenvalues of a acting on Tg(X) , and hence on the Z/£Z-space 
Xg — Te(X)/(£), are c(15)th roots of unity. Let c(g) = c(15) be the least common multiple 
of the orders of the cyclic subgroups of GL(2g, Z/15Z) . 

4.5.2. Let E be a free Galois Z^-submodule of rank h in Tg(X) . Then the eigenvalues 
of a acting on E C %{X) are c(g)ih roots of 1. Hence, the image of the character 

h 

X E--I^Ant(/\E) = Z* e 

(acting on det E = /\ h E) consists of c(g)th roots of 1, i. e., Xe^ = 1- 

4.5.3. Let V be a Galois submodule of Xe. Then the eigenvalues of a (for any a & I) 
acting on X^, and hence on V , are c(^)th roots of 1. Just as above, the character 

Xv- /-> Aut(dety) = Z/£Z* 

satisfies Xv^ = 1 • 

§5. Behavior of the height under isogenies of abelian varieties over an 
algebraic number field 

5.0. THEOREM. Let X be a g -dimensional abelian variety over the rational number 
field Q which has good reduction at the prime £ . Let p be a prime ^ £ which is greater 
than 

C(£,g) = (2F c ^)) c(ff) ( 2 /), 

where c(g) is the least common multiple of the orders of all cyclic subgroups of GL(2g, Z/15Z) . 
Let f ' : X ^>Y be an isogeny of abelian varieties over Q whose kernel Ker / is annihilated 
by multiplication by p. If X has good reduction at p, then for any nonzero form uj of 
highest dimension on Y 

JL(X ® Q p , f*u) - H(Y (8) Q p , u) = |dim z/pZ Ker / = - ord p (deg /). 

Here ord p : Q* — > Z is the standard p-adic valuation of Q. 
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5.0.1. COROLLARY. Under the assumptions of Theorem 5.0, for any p-isogeny 
ix : X of abelian varieties over Q, 

L(X <g> Q p ,n*u) - &(Y <g) Q p ,w) = ^ord p (deg n). 

In fact, any abelian variety isogenous to X satisfies the conditions of Theorem 5.0. 
It remains to recall that any p-isogeny factors into a composition of p-isogenies whose 
kernels are annihilated by multiplication by p. 

5.0.2. Corollary. Let ip: X — > y be an isogeny of g- dimensional abelian varieties 
over Q which have good reduction at £. Suppose that the following holds for all prime 
divisors p of deg <p : p>C(£,g) and X has good reduction at p. Then the abelian varieties 
X and Y have the same canonical height. 

In fact, for all primes t not dividing deg ip, 

JC(X <g> Q t , <p*iu) = £(y <g> Q t , u). 
We factor ip into a composition of isogenies 

x = r (0 ) n y (1) n . . . y (r _ 1} - y (r) = y, 

where deg ipi , is the highest power of the prime pi dividing the degree of ip ; here p±, . . . ,p r 
are all of the prime divisors of deg ip. Then, for any of the primes p — Pi, 

&(X <g) Q p , ip*u) - &(Y <S> Q p , to) = £(y(i_i) <S> Qp, <p*Ui-i) - &(Yty ® Qp, a;,) 

(here is the form on Y^ which is the inverse image of the form u on Y relative to the 
isogeny Y^ — > y, and, by Corollary 5.0.1 applied to the isogeny ipi, 

L(X ® Qp, ip*u) - £(y ® Qp,w) = |ord Pi (degv?i) = |ord Pi (deg </?). 

It remains to make use of the formula which expresses the canonical height in terms of 
local terms, and also the equality 

d e g^=n de g^=n^ (dcs " ) . 

5.0.3. Corollary. Let X be an abelian variety over Q. There exists a finite set 
M of prime numbers which depends only on the dimension of X and its set of places 
of bad reduction and which satisfies the following condition. The set of abelian varieties 
Y (considered up to isomorphism) over Q for which there exists an isogeny X — > y of 
degree not divisible by any of the primes in M is finite. 

Proof. We choose a prime £ at which X has good reduction, and we let M denote 
the union of the set of all primes ^ C(£, dimX), the prime £, and the set of primes of 
bad reduction of X . According to Corollary 5.0.2, the canonical height of X is equal 
to the canonical height of Y . For principally polarized Y the finiteness assertion follows 
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immediately from the finiteness theorem for heights (§2.3). In the general case, one must 
somewhat enlarge the set M , adding to it the primes p^C(£, 4g) , and consider the isogeny 
with principal polarization of the abelian varieties (X x X') 4 — > (Y x Y') 4 , whose degree is 
also not divisible by any of the primes in M (see the principal polarization theorem and the 
remark following it, in §3). According to Corollary 5.0.2, the abelian varieties (X x X') 4 
and (Y x Y') 4 have the same height; and, by the finiteness theorem for heights, the set 
of abelian varieties of the form (Y x Y') 4 is finite (up to isomorphism). The required 
assertion about finiteness of the Y themselves follows from the well-known theorem of 
Zassenhaus [16] about finiteness of the number of classes of exact left ideals in orders in 
semisimple Q-algebras (in our case the order End((F x Y') 4 ) in the semisimple Q-algebra 
End((y x Y'y) ® Q). One could also use the well-known results of Borel and Harish 
Chandra on finiteness of the number of integral orbits of reductive algebraic groups. 

5.0. 4. COROLLARY. Let A be an abelian variety over a number field K . There exists a 
finite set M of prime numbers which satisfies the following condition. The set of abelian 
varieties B over K (considered up to isomorphism) for which there exists an isogeny 
A^ B of degree not divisible by any of the primes in M is finite. 

Proof. Replacing K by a field extension if necessary, we may suppose that it is a 
Galois extension of Q (see the finiteness theorem for forms in §3). One can define the 
Weil restriction functor Resx/Q, which takes abelian varieties over K to abelian varieties 
over Q and multiplies the dimension of the abelian variety by the degree of K . Here for 
any abelian variety C over K 

ResC®K~ 17 aC, 

K/Q J-- 1 - 

o-eGalCK/Q) 

where aC is the abelian variety over K whose defining equations are obtained from those 
for C by applying the Galois automorphism a to the coefficients. (For more details, 
see [23] and [35].) The functor Resx/Q takes the endomorphism multiplication by n 
to the endomorphism multiplication by n, since it is a functor between categories of 
algebraic groups. This implies that it takes isogenics to isogenics, and it takes p-isogenies 
to p-isogenies for any prime p. 

We set X = Resx/Q A , and for this X we choose the finite set M of primes in accordance 
with Corollary 5.0.3, which gives us finiteness of the number of abelian varieties over Q 
of the form Resx/Q B , where B is an abelian variety over K for which there exists an 
isogeny A — > B of degree not divisible by any of the primes in M . Recalling that the 
abelian variety 

D = Res A <g> K = T] a A 

K/Q - LJ - 

aeGa\(K/Q) 

over K contains the abelian variety A as a direct factor, we obtain the required conclusion 
about finiteness of the set of all B using Zassenhaus' theorem (see the proof of Corollary 
5.0.3) applied to the order End(D). 

5.1. Proof of theorem 5.0. We set V^ = Ker /. This is a vector space over the prime 
field Z/pZ of some finite dimension h^2g. We set d = L(X ® Q p , f*uS) — L(Y ® Q p , uo) . 
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We must prove that d — h/2. We know that d is an integer between and g (§4.3.7), and 
it is connected in the following way with the action of the inertia group corresponding 
to p (§4.3.4). The Galois group T of Q acts on V . It also acts on the maximal exterior 
power det V = A V by means of some character 

Xv ■ r -> Aut(det V) = (Z/pZ)*. 

We choose any extension of the p-adic valuation ord p to Q, and we consider the 
corresponding inertia group, which we denote J(p) . All of the inertia groups obtained in 
this way are subgroups of T which are conjugate to one another. It follows from local 
results (§4.3.4) that the action of the group I(p) on det V is given by a power Xo °f 
the cyclotomic character x , i.e., the restriction of the character xv to (any) inertial 
subgroup I(jp) is the same as the restriction of the character 

xt-.r^iz/pzy, 

which is a power of the cyclotomic character Xo'- F — > (Z/pZ)* (giving the action of the 
Galois group of Q on the pth roots of 1). Consequently, the characters xv an d Xo coincide 
on all of the inertia subgroups I(p). If t is a prime ^p, then local results (§4.5.3) imply 
that the restriction of the character Xv^ to (any) inertia subgroup I(t) is trivial. Recall 
that the cyclotomic character Xo (corresponding to the prime p) is also trivial on I it). 
Hence, the character Xv Xo d is everywhere unramified, and so is trivial (since Q has 
no nontrivial unramified extensions). Thus, 

,, c (g) _ ^r-dc(g) 
Xv ~ AO 

Since X has good reduction at £, the inertia group I(£) acts trivially on the Tate 
module T P (X) (the Neron-Ogg-Shafarevich criterion [24]). In the decomposition group 
D(i) we choose any element a which acts as the Frobenius automorphism (i.e., raising 
to the £th power) on the algebraic closure of the residue field ZjiZ. Then 

Xo(c)=A Xo(°) =^modp, 

where xo : r — » Z* is the cyclotomic character which gives the action of the Galois group 
of Q on the p m th roots of 1 (for all m), and x : T — > (Z/pZ)* is the character which 
gives the action on pth roots of 1. The image of a in AutT p (X) under the natural 
homomorphism T AutT p (X) is denoted by Fi and called the Frobenius element [21], 
[24]. Its characteristic polynomial 

Ve(T) = tet(Tid-F t ,T p (X)) 

has integer coefficients, and all of the (complex) roots of the polynomial have absolute 
value VI (Weil's theorem). This implies that the characteristic polynomial T(T) of the 

automorphism a acting on the Z^-module [/\ h T p (X)f ) 9 \ has integer coefficients, and 



FINITENESS PROBLEMS IN DIOPHANTINE GEOMETRY 



83 



all of its (complex) roots have absolute value equal to £ hc ^l 2 . On the other hand, since 
the action of the Galois group T on det is given by the character 

xf ] = X C(9) ■■ r - Aut(det V^) = (Z/pZ)', 

the element a acts on det V® c( - 9 ^ by multiplication by £ dc ^ . Since 

h h 

det V®< 9) C [f\X p f c{9) = l/\T p (X)f c(9) /(p) 
is a Galois submodule of h 

1/\t p (xT c{9) /(p), 

the integer a = T(£ dc ^) must be divisible by p. If d^h/2, then the number £ dc( -9) could 
not be a root of T, i.e., a^O. Hence, if dj^h/2, then p cannot exceed 

\a\ = |y(£ dc(9) )| <C (£ d < 9) + ^ c (9)/ 2 ) degT 
^ (2 f^)) c(9) ( 2 ") 
<; ( 2 ^ c (f)) c(9) ( 2 /) =C(£,g). 

5.2. Suppose that X is an abelian variety over Q, W is a p-divisible subgroup of X{p) 
defined over Q, T{W) is its Tate module, and = T(W) ®Q P is the Tate Q^-module. 
The Galois group T of Q acts on T p (X) , and T{W) is an invariant T-submodule. The 
rank of the Z p -module T{W) is equal to the height h of the p-divisible group W . We 
consider the action of T on the maximal nonzero exterior power of the Tate module 

h 

det W = /\T(W), 

which is given by a character 

Xw : r^Aut(detwo = z;. 

From local results (§4.4) it follows that the restriction of xw to (any) inertia subgroup 
I(p) is equal to ex^, where Xo : r — > Z* is the cyclotomic character corresponding to the 
prime p, and e: J — > Z* is a character of finite order. The exponent d is a nonnegative 
integer. 

5.2.1. Theorem. d = h/2. 
The proof will be given in §5.5. 

5.2.2. COROLLARY. Under the assumptions of §5.2, the sequence =X/W 1 , F( 2 ) = 
= X/W2, ■ ■ ■ contains only a finite number of pairwise nonisomorphic (over Q) abelian 
varieties, i. e., there exists a finite set Y^, . . . , Y^ of abelian varieties such that any Y( n ) 
is isomorphic to one of the Y^, . . . , Y^ . 

5.3. Proof of corollary 5.2.2 (assuming Theorem 5.2.1). 
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Lemma. Let 

f n : Y (n) - Y (n+1) = Y {n) /(W n+l /W n ) 

be the natural isogenies of degree #Wi = p h . There exists a natural number N such 
that for all n ^ N and for 00 a nonzero form of highest weight on V( n +i) 

&s(Y {n ) ® Q p , /» - He(Y {n+1) ®Q p ,tu) = d = h/2 = ord p (deg f n )/2. 

In particular, all of the abelian varieties V(jv), Y"(at+i),--- Ziawe £/ze same canonical 
height. 

Proof of the lemma. If X has semistable reduction at p, then our assertion follows 
immediately from Theorem 5.2.1 by applying local results (§4.4). 

Now suppose that X does not necessarily have semistable reduction at p. Let K denote 
the finite Galois extension of Q which is the field of definition of all of the points of order 
fifteen on X . We fix a place p of K lying over p, and we let ord p : K* — > Z be the standard 
discrete valuation corresponding to p . Let e denote the ramification index of the place p 
over p; by definition, e = ord p (jo) . For any natural number m, the local (stable) term for 
{Y( m ) <8> Qp, oj) corresponding to p is equal to (see Remark 2 of §2.1) 

£(Y (m) ® K p ,u)/e, 

since X ® i^" p , and hence also any of the F( m ) , have semistable reduction at p . It is not 
hard to see that the restriction of the character \w to the inertia group I(p) is also equal 
to the product of a character of finite order and Xo (here I(p), the inertia group of the 
place p, is a subgroup of finite index in I(p)). As before, local results ensure us that there 
exists a natural number N such that for all n ^ N 

£(Y(„) <S> K p , /» - &(Y {n +i) ® K p , id) = dord p (p) = de = he/2. 

But this gives us the required equality for the local (stable terms) correspond ing to 
Y(n) <8> Qp and V( n +i) ® Q P (see Remark 2 in §2.1). 

£^nc? 0/ the proof of Corollary 5.2.2. If all of the Y( n ) are principally polarized, then our 
assertion follows from Lemma 5.3.1 and the finiteness theorem for the height (see Remark 
2 in §2.1). In the general case, there exists (§3) a p-divisible subgroup H of (X x X') 4 
such that 

(XxX') 4 /H n ~(Y {n) x Y' (n) ) 4 . 

Since all of the (Y( n ) x Y'( n )) 4 are principally polarized, we find (applying the lemma in 
§5.3 to (X x X') 4 ) that the sequence {(Y( n ) x Y'( n )) 4 } n=1 contains only a finite number 
of nonisomorphic abelian varieties. But this gives us the required finiteness assertion for 
the F( n ) (see the end of the proof of Corollary 5.0.3). 

5.4. COROLLARY. Let A be an abelian variety over an arbitrary number field K , 
and let H be an arbitrary p-divisible subgroup A(p) which is defined over K. Then 
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the sequence B^—A/H-y, B( 2 ) — A/ H 2 , . . . contains only a finite number of pairwise 
nonisomorphic (over K) abelian varieties. 

Proof. We may suppose that if is a Galois extension of Q. Let y?„: X — > F( n ) be 
the canonical isogenies. We set X = Res^/QA, F( n ) = Resx/Q-B( n ) . Then the kernels V n of 
the isogenies /„ = ResK/Qfn- A — > B^ form a p-divisible group over Q whose height is 
equal to the height of H multiplied by the degree of the field K . In order to see this, it is 
sufficient to note that under the natural isomorphisms (see the proof of Corollary 5.0.4) 

X®K~J\aA, Y {n) ®K~ \{aB {n) (a e Gal(tf/Q)) 

the isogeny f n <g> K goes to FJ a<p n . Now Corollary 5.2.2 gives us finiteness of the number 
of pairwise nonisomorphic abelian varieties Y n over Q , which implies finiteness for the 
abelian varieties rkeGai(K/Q) a ^{n) over K ■ From this one deduces the required finiteness 
assertion for the varieties £( n ) (see the end of the proof of Corollary 5.0.4). 

5.5. Proof of theorem 5.2.1. This proof is in many ways similar to that of 
Theorem 5.0. We fix a natural number r such that the character e' is trivial, and we 
consider the action of the Galois group V on the free rank 1 -module detW® rc ( 9 \ 
which is a Galois submodule of /\ h T p (Xf rc{9) (here g is the dimension of X). The 
action of V on detW® r < 9 ) is given by the character Xw 9) ■ r -> Aut(det W® r < 9 ^) = Z*. 
The restriction of x^ 9 ' to the inertia group I(p) is equal to 

(ex d oY C(9) = X drc{9) . 

For any prime t^p, the action of the inertia group I(t) on det W® rc ^ turns out to be 
trivial, by §4.5.2. By the same token, the character 

rc(g) -drc(g) . r , y* 

of the Galois group of Q is unramified, and hence is trivial, i.e., 

rc(r) _ drc(g) 
AW ~ Xo 

We now choose a prime £ ^ p at which X has good reduction, and we fix an element 
a in the decomposition group D(£) which acts as the Frobenius automorphism on the 
algebraic closure of the residue field Z/£Z. We recall (§5.1) that Xo(&) —£, and that the 
characteristic polynomial of the action of a on T P (X) has integer coefficients and has 
(complex) roots all of absolute value \fl. This means that all of the eigenvalues of a 
acting on f\ h T p (X)® rc ^ are algebraic numbers of absolute value £ hrc (9)/ 2 _ On the other 
hand, a acts on det W® rc ^ C f\ p T p (X f rc{9) by multiplication by the number 

xt c(9 \°) = xM drc{9) = t drc(9) - 



Consequently, d — h/2. 
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5.6. As we noted in the Introduction and in §3, Corollary 5.4 implies Tate's conjecture 
on homomorphisms of Tate modules and the semisimplicity of the Tate module. The 
purpose of this subsection is to propose a simpler approach to proving Tate's conjecture 
in certain important special cases. 

THEOREM. Let X be an abelian variety over Q which has good reduction at the odd 
prime p. Let /: X — > F be a p-isogeny for which there exist an abelian variety Z over Q 
having good reduction at p and a power q = p n of p such that the Galois modules Ker / 
and Z q are isomorphic. Then the abelian varieties X and Y have the same canonical 
height. The set of abelian varieties Y over Q (considered up to isomorphism) for which 
there exists an isogeny X — > Y with the above properties is finite. 

Proof. The claim that the heights are equal follows from local results (§4.3.5). The 
finiteness theorem for heights tells us that there are only finitely many Y with principal 
polarization. In order to reduce everything to the principally polarized case, one observes 
that the kernel of the dual isogeny f : Y' — > X' is isomorphic (as a Galois module) to Z' q , 
and hence the abelian varieties X' and Y' have the same canonical height. This means 
that the principally polarized abelian varieties (X x X') 4 and (V x Y') 4 have the same 
canonical height, which implies that there are only finitely many abelian varieties of the 
form (Y x Y') 4 . But then, as above, we conclude that the set of abelian varieties Y is 
finite. 

We note that, to prove Tate's homomorphism conjecture for an abelian variety X and 
a prime p (see [27], [TT], and [12]), we must establish finiteness of the set of abelian 
varieties Y for which there exists an isogeny IxI->7 whose kernel is the graph of 
some endomorphism of the Galois module X p n , which, being a graph, is isomorphic to 
X p n. By the same token, Theorem 5.6.1 implies Tate's conjecture on homomorphisms of 
Tate p-modules for abelian varieties over Q having good reduction at the odd prime p. 

§6. The finiteness theorem for characters of Galois representations. Proof 
of the Mordell conjecture 

In order to complete the proof of the Shafarevich conjecture according to the outline 
in §1, it now remains for us to obtain the following result. 

Finiteness theorem for characters of Galois representations. Let K 
be an algebraic number field, and let G = Gal(K/K) be the Galois group of its algebraic 
closure K . Fix a finite set S of finite places of K , a prime t and an integer n^l. 
Then there exists a finite set Q of finite places of K which is disjoint from S and 
has the property that the character Xp(9) — Tx(p(flO) °f an D n ~ dimensional continuous 
t-adic representation p: G — > GL(n, Q^) unramified outside S is uniquely determined by 
its values Xp(Fr v ) on the Frobenius automorphisms Fr v , v e Q . 

We recall that if L/K is a Galois extension (perhaps infinite) which is unramified at 
the place v oi K , then the Frobenius element Fr„ in Gal(L/K) is defined uniquely up 
to conjugation [2], [21]. In the situation of the theorem, the representation p factors a 
representation of the group G$ = Gal(K s /K) , where K s is the maximal extension of K 
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which is unramified outside S. Thus, for any place v^S, the elements Fr^ of G are 
(nonuniquely) defined (first in Gs, and then they are lifted to G). 

We now construct the set Q . Let L/K be the compositum of all Galois extensions of K 
which are unramified outside S and have degree ^ £ 2n . According to Hermite's theorem 
|L5| . this is a finite extension. Applying the Chebotarev density theorem (see [21]) to the 
extension L/K , we see that there exists a finite set Q of places of K which is disjoint 
from S and has the property that the automorphisms Fr^ , v G Q , exhaust the Galois 
group Ga\(L/K) . 

We now verify that the set Q satisfies the conclusion of the theorem. Let p\ and p 2 be 
two representations whose characters coincide on the elements Fr„ , v G Q . We consider 
the representation 

Pi x p 2 : Z e [G] -> Mat(n, Q e ) x Mat(n, Q € ) 

of the group algebra Ze[G) . Its image M is a Z^-subalgebra of rank at most 2n 2 . The 
image of the Galois group G in the group of invertible elements of the algebra Mf IM , 
which is a vector space over , determines a finite Galois extension which is contained 
in L. By the construction of Q, the elements p\ x p 2 (Fr v ), v G T, span M/£M over Fg, 
and hence they span the module M over Z e (by Nakayama's lemma). We now consider 
the linear form 

f(a u a 2 ) = Tr(ai) - Tr(a 2 ), a 1>2 G Mat(n, Qe), 

on M. By assumption, x Pl (Fr„) = x P2 (Fr„) , v&T, and hence / = on the elements 
Pi x p 2 (Fr,;) , v G Q , and so on all of M; this gives xpi = Xp 2 ■ The theorem is proved. 

We shall show that the finiteness theorem for abelian varieties (the fundamental theorem 
of §1) implies the original Shafarevich conjecture for algebraic curves. 

Recall that if Ak is the ring of integers of K , then any curve X of genus g > 1 can 
be associated to a two-dimensional regular scheme / : Y — > Spec Ak with generic fiber X 
(the minimal model; see |Sh3| or [38], Expose X). 

By analogy with the definition of the Neron minimal model in §2, the scheme Y is 
characterized by the condition that, given any regular projective scheme g : Z — > Spec A# , 
the isomorphism Z ® K — » X extends uniquely to an isomorphism between Z and Y . 
This is equivalent to requiring that the fibers of / not have any exceptional curves of 
the first kind ([32], Chapter 1) (see below). For all v except for finitely many v G S— the 
places of bad reduction — the fibers of / are nonsingular projective curves of genus g . 

THEOREM. Suppose that K is a number field, S is a finite set of places of K, and 
g ^ 1 is an integer. There exist only finitely many genus g algebraic curves X defined 
over K (considered up to isomorphism over K) which have good reduction everywhere 
outside S . 

Proof. To every curve X as in the theorem we associate its Jacobian A = J(X) 
with principal polarization The variety A and the polarization i? are defined over 
K , and A has good reduction outside of S . According to Remark 2 in §2, the degree 1 
polarizations over if on a given abelian variety are finite in number up to the action of 
if-automorphisms (this fact holds for any field K; see [54]). Thus, from the fundamental 
theorem of §1 it follows that the number of if -isomorphism classes of pairs (A, $) is 
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finite. By the Torelli theorem [72], the curve X is determined by the pair (A, $) up 
to isomorphism over K . In order to obtain finiteness over K , for each abelian variety 
A we consider the extension La/K obtained by adjoining all of the coordinates of the 
points of order n ^ 3 (n is fixed in the sequel). The extensions La/K are unramified 
outside S U {divisors of n} and are of bounded degree. By Hermite's theorem, they are 
all contained in a finite extension K' of K . We now show that the curves X in the 
theorem form a finite set up to i^'-isomorphism. To do this it suffices to note that, if 
a G Gal(K / K') , and if if is an isomorphism of two curves with the same Jacobian A, 
then (p a o yj -1 induces the identity map on A n , and hence it is the identity (Serre's 
lemma; see \ I n tnlij . p. 207). In order to go from K' to K, one uses the fact that the 
group H 1 {Ga\(K' / K) , Aut^'(X)) is finite in our situation. The proof is complete. 

In order to obtain the Mordell conjecture from this theorem, we shall need the following 
construction of ramified coverings. Let X be an algebraic curve of genus g ^ 2 over an 
arbitrary field K , and let P G X(K) . We fix an integer n > 1, and we set 

X' = Xx J{X) J(X) > J(X) 



X — J(X) 

where is the map taking Q to Q — P . Let L/K be a field extension of K over which 
the cycle 7r _1 (P) is a sum of rational points. We choose Pq G 7r _1 (P) and we consider the 
generalized Jacobian J m (X') of the curve X' corresponding to the cycle m = 7r _1 (P) — P 
[SerT] We set 

Xp = X X j m (X')Jxa\X') > J m (X) 

[ n ( 2 ) 

x' -=U MX') 

where ip is the rational map taking Q^m to Q — P . Then X P is a nonsingular projective 
curve, and it is uniquely determined by this diagram of rational maps. It is defined over 
the field Lp. 

Properties of the construction of X p and L p . Let K be an algebraic number 
field, and let S be the set of places of bad reduction of the curve X . Then the following 
assertions are true. 

1. The extension L/K is unramified outside SU {divisors ofn}, and its degree depends 
only on g and n. 

2. The genus of the curve Xp depends only on g and n, and the covering Xp — > X is 
ramified at the point P and only at that point. 



3. The curve Xp has good reduction outside of the places of L lying over S and the 
divisors of n . 
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Property 1 follows from the general properties of extensions obtained by adjoining 
points of finite order on an abelian variety [24]. Property 2 is purely geometric in nature, 
and is verified immediately. 

As for property 3, we shall only give the idea of the proof, referring the reader interested 
in the details (and different versions) of the proof to |Parl| [55] . [69] . pp. 71-76, [41], 
pp. 191-197, and [71]. We remove from R= SpecA^ all places lying over S or dividing 
n, and we remove the corresponding fibers from Y. We keep the same notation / : Y — > R 
for the resulting scheme. The point P determines a section s: H—> Y of the morphism 
/. We have the commutative diagram 



in which g: A — > R is the Neron model of the abelian variety A (see §2), and <p is an 
extension of the morphism (p in diagram (pQ). Multiplication by n in the group scheme 
A leads to the surface Y' — > R, where Y' = Y x A A and the generic fiber of Y' ® K 
coincides with the curve X' in (Q]) . At every place v G R the fiber Y' v will contain a 
nonsingular projective curve whose genus is equal to the genus of the generic fiber X' . 
If we pass from Y' to a minimal model Y" of X' over R, then this property of the 
fibers is preserved (neither resolving the singularities of the scheme Y' nor contracting 
the exceptional curves of the first kind in the fibers can destroy such a curve). Thus, 
property 3 for the curve X' follows from the following result. 

LEMMA. Let f: Y— >S, S = Speco, be a regular scheme having smooth irreducible 
generic fiber which is a projective curve X of genus g > 1 , and let o be a complete 
discrete valuation ring. Suppose that the closed fiber Y 

1) does not contain any exceptional curves of the first kind, and 

2) contains an irreducible curve Y\ whose normalization has genus equal to g . 

Then the morphism f is smooth, and hence the fiber Y is a nonsingular projective curve 
of genus g . 

Proof. We shall assume that the residue field of o is algebraically closed. It is well 
known (see [Sh3j or [38], Expose X) that there is an intersection theory for divisors on the 
scheme Y. If N = NS(Y) is the Neron-Severi group, then the space N <g> Q is spanned 
by the components Y\, . . . , Y n of the fiber, and the intersection index C ■ D determines 
a quadratic form of signature (n — 1,0) on this space. In particular, this means that if 
n > 1 , then C ■ C < for any irreducible curve C on Y . In addition to the intersection 
theory on Y, one has the relative canonical class lj y ([38], Expose X) and the adjunction 
formula 



in which C is any complete curve on Y and it is its arithmetic genus. If C is irreducible, 
then it = g' + 5, where g' is the genus of its normalization and 8 is the number of singular 



Y 

/I /'J 
R 



A 



(3) 



C-uj y + C -C = 2tt-2 



(4) 
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points counting multiplicity. The invariance of the intersection index and the arithmetic 
genus under specialization implies that 

Y -Y = and Y ■ u Y = 2g - 2. (5) 

Suppose that n > 1 and C is an irreducible curve. Then C ■ C < 0, and from (TJ|) we find 
that C ■ ujy ^ — 1 and the equality C • ujy = — 1 is equivalent to C being an exceptional 
curve of the first kind (g 1 = 5 = 0, C ■ C = — 1). But by 1), this is impossible, and so 
always C ■ u>y ^ . Now let Y = J2i>i a i^i be the expansion of the cycle Y in terms of 
irreducible components. In this case the equality Y • u>y = ^2 diXi ' w y takes the following 
form, by ([5]): 

2g - 2 = ai (2g - 2 + 5) + a i Y i ' w y, 

where all of the terms on the right are nonnegative. This implies that ai = l, 5 = 0, 
Y\ ■ ojy = 2g — 2 , and hence Y\ ■ Y\ = , which contradicts the supposition that n > 1 . 
Thus, n= 1, and a\ = 1, 5 = 0, which gives us the required conclusion. 

In order to complete the verification of property 3, we must now construct a smooth 
group scheme over R' (= SpecA^ with the places lying over S and the ones dividing n 
removed)— a model of the generalized Jacobian variety J m (X') in (j2J— and determine the 
analog of diagram ((3|) in this situation. As before, the required property is obtained from 
the lemma just proved. 

We proceed to the proof of the central result of this survey. 

THE MORDELL CONJECTURE. Let K be an algebraic number field, and let X be a 
nonsingular projective algebraic curve over K of genus g > 1 . Then the set of rational 
points X(L) is finite for any finite extension L/K of K . 

In this form, this result was not known for a single curve before Faltings. 

The proof proceeds in exactly the same way for any field L. Let P G X(K) . 

We consider the set of algebraic curves of the form Xp in the construction in (J2J). By 
the properties of that construction, the fields of definition L P of the curves X P form a 
finite set (Hermite's theorem). Furthermore, the curves X P with a fixed field of definition 
satisfy all of the hypotheses of the Shafarevich conjecture, and so they form a finite set. 
We consider a covering Xp — >X . Since P is the only ramification point, it is uniquely 
determined by the covering, and one must use the classical fact that, given curves Xp and 
X of genus greater than 1, there exist only finitely many coverings X P X (de Franchis' 
lemma, which itself is a special case of the Mordell conjecture for algebraic function fields, 
see the commentary section of Chapter 8 in Lang's book). 

We conclude by noting some unsolved problems which arise in connection with the 
proof of the Mordell conjecture. Problems 1-5 are due to Parshin; 6 and 7 to Zarkhin. 

1. The problem of effectiveness. How can one construct an algorithm to find the 
rational points on a curve X ? Or, more precisely, how can one write an explicit bound for 
the heights of the rational points in terms of the invariants of the field K , the set S, and 
the genus g? It is natural to take for the height the canonical height on X(K) relative 
to the invertible sheaf fix ( see §2)- One possible approach to this problem is described 
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in §1. We note that a method which in principle enables one to bound the number of 
rational points was proposed by Parshin (see [71], the Introduction and the reports by 
Raynaud (Expose VII) and by Szpiro (Expose XI), which contain a detailed elaboration 
of the method). However, this route can lead only to very rough estimates (thus, in the 
case of the Fermat curve x l + y l = 1 with £ prime, the constant cannot be better than 
2 2 ^ ). 

2. As we have seen, the proof of the Mordell conjecture does not at all make use of the 
Mordell-Weil theorem on the group of rational points on an abelian variety— which had 
always been an ingredient in the earlier attempts to prove the conjecture. Nevertheless, it 
is worthwhile to compare the two results. Barry Mazur has conjectured that the Mordell- 
Weil theorem remains true if one replaces the ground field K by its (infinite) cyclotomic 
^-extension K{i) [4**llMan2] . 



CONJECTURE. Let X be an algebraic curve of genus g > 1 defined over an algebraic 
number field K . Then the set X(K(£)) is finite. 

In support of this conjecture one can cite the corresponding result in the case of an 
algebraic function field with finite field of constants. In addition, part of the proof of the 
Mordell conjecture over a number field carries over to this situation. In particular, using 
constructions of Zarkhin in [15], one can show that Tate's homomorphism conjecture (and 
his conjecture on semisimplicity of the Tate module) remain valid over K{i) . 

Note added in December 2009. In order to prove the Tate's homomorphism 
conjecture for over K{€) , one may use Bogomolov's theorem on £-adic Lie algebras 
[Boll IBo2| mentioned in Subsection 7 below. 

3. For which varieties X of dimension greater than 1 is the Mordell conjecture in 
the above form valid? As Raynaud showed ([61] combined with Faltings' theorem), 
the assertion holds for closed subvarieties of abelian varieties which do not contain a 
translation of an abelian variety. In the case of algebraic function fields with complex 
coefficients, another proof of this fact was found by Parshin (his method uses the 



properties of the hyperbolic Kobayashi metric), [o Other suitable candidates for the 
conjecture are varieties with ample cotangent bundle (in the geometrical situation 
Grauert's method [Gra] is easily applicable to them, see |No| ) and varieties which 
are Kobayashi hyperbolic as complex-analytic manifolds (here even the function field 
analog of the conjecture is unknown; see |L14| ). 

Note added in December 2009. M. Raynaud [61] has proved that the finiteness 
theorem for closed subvarieties of abelian varieties can be reduced to the number field case. 
However, this does not give the proof in the number field case. The finiteness theorem 
was later proven by Faltings [1**1 |2**| in the number field case together with Lang's 
conjecture mentioned in footnote (E). 



(B) Added in translation. Using this method, one can also prove Lang's conjecture on integral points of 
affine subsets of abelian varieties (in the case when the ground held is a field of algebraic functions over 
C and the hyperplane section does not contain a shift of the abelian variety) . See [If] and Chapter 8 of 
Lang's book. 
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4. Construction of ramified coverings. This construction also leads to several 
interesting problems. If we fix an integer n, then the set of abelian varieties A P = J(X P ) , 
PgX(C), gives a smooth family of abelian varieties over the curve X which has no 
degenerate fibers. By the same token, one has a map of X (or a finite covering of it) 
to the moduli space Wl of curves or abelian varieties (the first examples of maps of 
complete curves to a moduli space that is necessarily not complete were constructed by 
Kodaira [49]). Which conditions characterize the images of curves in 9JI , for example, 
relative to the natural metrics on DJl — the Teichmiiller or Weil-Petersson metrics? What 
is the structure of the monodromy of the families Ap/Xl From an arithmetic point of 
view, it would be interesting to understand the nature of the correspondences which this 
construction gives canonically on any curve. To a point P G X one associates all points 
Q G X for which the variety J(Xq) is isogenous to J(X P ) . If X is a modular curve or 
a curve that is uniformized by quaternionic groups, then is there a connection between 
these correspondences and the usual Hecke correspondences for such curves? 

5. As noted in §1, Shafarevich's conjecture implies that the number of S'-integral points 
in the moduli space of algebraic curves of genus g ^ 1 is finite. In the case of curves of 
genus 1, we find that there are only finitely many S'-integral points on the moduli curves of 
level n ^ 3 . On the other hand, according to the Mordell conjecture, the set of all rational 
points on a modular curve of level n > 6 (in which case the genus is greater than 1) is 
finite. In accordance with the conjectures in 3 above, one would expect that the same is 
true for the moduli space 9Jt^ n of abelian varieties of sufficiently large level n (depending 
only on the dimension g). Thus, it is natural to investigate whether the corresponding 
finiteness assertion holds for the £-adic representations. The exact statement is as follows. 
Let p: G&\(K / K) ^Gh{V) be a continuous £-adic representation, where V = DZ™ , and 
suppose that the image of p in V/£ a V is trivial for some a. Does there exist a function 
a = a(m) such that the number of semisimple representations satisfying the Riemann 
hypothesis (see [21], Chapter 1) and this condition and having the given dimension 
to, is finite? As before, this question reduces to finding a suitable finiteness theorem 
for characters (i.e., constructing a finite set Q). The analogous question for complex 
representations of discrete groups (see §1) has also not been studied. 

6. Variants of the Tate homomorphism conjecture. Suppose that K is a number 
field, K is its algebraic closure, and G = Gsl(K/K) is the Galois group. Faltings ([39], 
p. 205, Theorem 5) has proved that for any abelian varieties X and Y over K , the natural 
map 

Hom(X, Y) -> Hom G (X(Z), Y{K)) 

is a bijection. 

Consider the infinite-dimensional vector spaces 

X(K) Q = X(K)®Q, Y(K) Q = Y(K)®Q 

over the rational number field Q , on which the group G acts naturally. Choosing a Tate 
height makes these actions unitary. For any finite algebraic extension L of K lying in 
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K , the invariants of the Galois group n = Ga\(K / L) of L are X(L) ® Q and Y(L) ® Q, 
respectively. In particular, if the Galois modules X(K)q and Y(K)q are isomorphic, 
then the groups X(L) and have the same rank (for all L). Brauer theory for 

representations of finite groups over Q -vector spaces (|23j, §12.5, corollary of Proposition 
25') enables one to establish the following criterion for the Galois modules X(K)q and 
Y(K)q to be isomorphic. 

THEOREM. The representations of G in the Q -vector spaces X(K)q and Y(K)q are 
isomorphic if and only if the groups X(L) and Y(L) have the same rank for all finite 
algebraic extensions L of K . 

It is obvious that the representations X(K)q and Y(K)q are isomorphic when X and 
Y are isogenous. 

The question arises: Are the abelian varieties X and Y isogenous if the representations 
X(K)q and Y(K)q are isomorphic? Perhaps this question should be given a refined 
formulation, using the Tate height (for example, one could require that an isomorphism 
exist which preserves the scalar product). 

Note added in December 2009. For algebraic families of complex abelian varieties 
the natural analog of the Tate homomorphism conjecture deals with the actions of the 
fundamental group of the base on the integral homology groups of the fibers (7^ [Fa2l [TT**] . 



In characteristic p there are variants of the Tate homomorphism conjecture that deal 
with p-divisible groups (Barsotti-Tate groups) instead of Tate modules (see [3**| . |10**| ). 

7. Let pi : Gal(K/K) — > Aut T e (X) be a representation of the Galois group in the Tate 
module of an abelian variety X . Its image Imp^ is a compact £-adic Lie group. The Lie 
algebra 

qi = Lie{lmp e ) C End V t {X) 

is a reductive (because of the semisimplicity of the Tate module, proved by Faltings) 
algebraic (see |Bol| and |Bo2| ) Q^-Lie algebra containing homotheties. It is abelian if 
and only if X ® K is an abelian variety of CM-type. There is a conjecture (Serre [M]) to 
the effect that the Lie algebra Qe is "independent of t\ i.e., there exists a Q-algebra $jo 
such that Qi = go ®q for all £. Concerning the question of how the Lie algebra g must 
look, see [29] and [64]. (A conjecture of Mumford and Tate asserts that one can take $jo 
to be the Lie algebra of the Mumford-Tate group of the abelian variety X.) 

We note that the results in [73], combined with Faltings' theorems on the action of 
the Galois group on the Tate module, imply that the rank of the Lie algebra Qi does 
not depend on £. The dimension of the center of this Lie algebra is also independent of 
£. We expand the reductive Q^-Lie algebra $£ as a direct sum Qe = g s © c of its center 
c and a semisimple Q^-Lie algebra q s . We consider the finite-dimensional vector space 
Vi(X) = Vi(X) ®q € over the algebraic closure Q e of the field and the semisimple 
Q^-Lie algebra 

Qx = g s Qe C End V e (X) ® Qe Q e = EndV e (X). 

The space Vi(X) is a faithful finite-dimensional Qx -module. In the theory of finite- 
dimensional representations of semisimple Lie algebras in characteristic 0— this is Elie 
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Cartan's well-known theory of moduli with highest weight (Bourbaki [S])— it is natural 
to ask which simple gx -modules occur in Vg(X). 

The microweight conjecture [ 15aj . Let g be a simple Q £ -Lie algebra which is an 
ideal in gx ■ Then g is a classical Lie algebra, i.e., a Lie algebra of type A mi B m , C m , 
or D m . Let V be a nontrivial simple g-submodule of Vg(X). Then V is a fundamental 
0-module. Moreover, its highest weight is a microweight in the sense of Bourbaki. 

If g is a Lie algebra of type A m , then the g -module V is isomorphic to the exterior 
power A l W for a suitable i, 1 ^ i ^ m where W is a standard g-module of dimension 
m + 1 for which the image of the Lie algebra g in the algebra End(PF) coincides with the 
Lie algebra sl(W) of zero trace operators. If g is a Lie algebra of type B m , then V is a 
spinor representation of dimension 2 m . If g is a Lie algebra of type C m , then dim V = 2m , 
and the image of g in the algebra End(V) coincides with the Lie algebra sp(V) of the 
symplectic group. If g is a Lie algebra of type D m , then one of the following conditions 
holds: a) dimV A = 2m and the image of g in End(V) is the Lie algebra so(V) of the 
orthogonal group; or b) V is one of the two semi-spinor representations of dimension 



)m— 1 



Note added in December 2009. The microweight conjecture is proven by Richard 
Pink [7**] . 

Note in proof (January 1986). Gerhard Frey |75j has proved that the nonexistence 
of a nontrivial point on the Fermat curve of degree p would follow from the nonexistence 
of stable elliptic curves over Q for which A ^ N 2p /2 (here A is the minimal discriminant 
of the curve and N is its conductor) . It was shown by Parshin that for large p the latter 
assertion follows from the arithmetic analog of the Bogomolov-Miyaoka-Yao inequality, 
see §1. Concerning the connection of these problems with the Taniyama- Weil conjecture, 



see [75 



(F) 



NOTE 1 (added in translation by S.Lang). Readers should have the following facts 
available in connection with the conjecture that all elliptic curves over the rationals are 
modular. Taniyama, in Problem 12 at the Tokyo-Nikko conference in 1955 stated: 

Let C be an elliptic curve defined over an algebraic number field k, and 
Lc(s) denote the L-function of C over k. If a conjecture of Hasse is true 
for (c(s) , then the Fourier series obtained from Lc(s) by the inverse Mellin- 
transformation must be an automorphic form of dimension —2, of some special 
type (cf. Hecke). If so, it is very plausible that this form is an elliptic differential 
of the field of that automorphic function. The problem is to ask if it is possible 
to prove Hasse's conjecture for C , by going back to these considerations, and 
by finding a suitable automorphic form from which Lq{s) can be obtained. 

In a letter to me dated 13 August 1986, Shimura wrote: 

[Taniyama] doesn't say modular form. I am sure he was thinking of Hecke's 
paper No. 33 (1936) which involves some Euchsian groups not necessarily 



(p) Added in translation. See also Note 1 and [4*1. 
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commensurable with SL 2 (Z)... As for Weil he was far from the conjecture. (It 
seems that strictly speaking, Weil has never made the conjecture...) Indeed, 
in his lecture titled "On the breeding of bigger and better zeta functions" 
at the University of Tokyo, sometime in August or September 1955, he 
mentions Eichler's result and adds: "But already in the next simplest case, 
that is the case of an elliptic curve which cannot be connected with modular 
functions in Eichler's fashion, the properties of its zeta function are completely 
mysterious..." 

Shimura stated the conjecture that all elliptic curves over the rationals are modular in 
conversations with Serre and Weil in 1962-1963. In his letter to me, he goes on to say: 

Knowing the above passage and Taniyama's problem, and having stated the 
conjecture in my own way, I couldn't and wouldn't have attributed the origin 
of the conjecture to Weil. Besides, there is one point which almost all people 
seem to have forgotten. In his paper [1967a], Weil views the statement as 
problematic. In other words, he was not completely for it, and so he didn't 
have to attribute it to me. Thus there is nothing for which you can take him 
to task. 

In another letter dated 16 September 1986, Shimura has written: 

In these papers [certain papers of Eichler cited previously] it is shown that 
the zeta function of an "arithmetic quotient (especially a modular) curve" has 
analytic continuation. The same applies to the Jacobian... I was conscious of 
this fact when I talked with Serre. In fact, I explained about it to Weil, perhaps 
in 1965. He mentions it at the end of his paper [1967a]: "nach eine Mitteilung 
von G. Shimura..." I even told him at that time that the zeta function of the 
curve C mentioned there is the Mellin transform of the cusp form in question, 
but he spared that statement... Of course Weil made a contribution to this 
subject on his own, but he is not responsible for the result on the zeta functions 
of modular elliptic curves, nor for the basic idea that such curves will exhaust 
all elliptic curves over Q. 

Finally, in a letter to me dated 3 December 1986, Weil stated: 

Concerning the controversy which you have found fit to raise, Shimura's letters 
seem to me to put an end to it, once and for all. 

Copies of all letters and a full dossier of exchanges concerning this history have been given 
to the office of the AMS in Providence, and had also been sent to Parshin and Zarkhin. 

NOTE 2 (added in translation by S. Lang). In the communication, Valeur, asymptotique 
du nombre des points rationnels de hauteur bornee sur une courbe elliptique, at the 
International Congress of Mathematicians in Edinburgh (1958) Neron stated the conjecture 
that the height was quadratic. He elaborated an extensive theory proving his conjecture by 
showing how to decompose the height into local factors, in two papers: Modeles minimaux 



FINITENESS PROBLEMS IN DIOPHANTINE GEOMETRY 



96 



des varietes abeliennes sur les corps locaux et globaux, Inst. Hautes Etudes Sci. Publ. Math. 
No. 21 (1964), and Quasi-fonctions et hauteurs sur les varietes abeliennes, Ann. of Math. 
(2) 82 (1965). As the Annals paper was being completed, Tate gave a simple direct global 
proof, published by Manin (with Tate's permission) in Izv. Akad. Nauk SSSR Ser. Mat. 
28 (1964), 1363-1390 (English transl., Amer. Math. Soc. Transl. (2) 59 (1966), 82-110). 
Tate's proof and Neron's proofs were done independently and simultaneously. Both used 
the limiting trick, Tate directly on the height and Neron to show the existence of his local 
symbol, before identifying it with the intersection number on the minimal model. In 1964 
I had both manuscripts available, and I reproduced both Tate's proof and that part of 
Neron's paper in my report to the Bourbaki seminar in May 1964. 
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